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Abstract
Chiral electroweak anomalies predict baryon (B) and lepton (L) violating fermion
interactions, which can be dressed with large numbers of Higgs and gauge bosons. The
estimation of the total B+L-violating rate from an initial two-particle state –potentially
observable at colliders– has been the subject of an intense discussion, mainly centered
on the resummation of boson emission, which is believed to contribute to the cross-
section with an exponential function of the energy, yet with an exponent (the “holy-grail”
function) which is not fully known in the energy range of interest. In this article we focus
instead on the effect of fermions beyond the Standard-Model (SM) in the polynomial
contributions to the rate. It is shown that B + L processes involving the new fermions
have a polynomial contribution that can be several orders of magnitude greater than
in the SM, for high centre-of-mass energies and light enough masses. We also present
calculations that hint at a simple dependence of the holy grail function on the heavy
fermion masses. Thus, if anomalous B + L violating interactions are ever detected at
high-energy colliders, they could be associated with new physics.
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1 Introduction
The Standard-Model (SM) has accidental baryon (B) and lepton (L) symmetries at the
classical level, which however become broken by quantum anomalies [1–3]. Such effects can
have a strong impact in the physics of the early Universe, as they may play a crucial role in
the generation of the baryon asymmetry, for example in electroweak baryogenesis [4]–in which
anomalous processes convert a CP asymmetry into baryon number– and leptogenesis [5]–in
which the anomalous interactions convert a lepton asymmetry into a baryon asymmetry (for
reviews, see [6–9] and references therein). Although both types of mechanisms require physics
beyond the Standard Model (BSM), the new fields (e.g. bosonic fields guaranteeing a strong
first-order electroweak phase transition, as required for electroweak baryogenesis, or new
right-handed neutrinos whose out-of-equilibrium decays trigger leptogenesis) typically don’t
affect the anomalous interactions, which remain SM-like. Aside from these cosmological
effects, the B + L violating interactions could be potentially observable at colliders, which
would involve striking signatures arising from hard processes with at least twelve SM fermions.
This follows because B + L anomalies impose
∆B = ∆L = 3ntop, (1.1)
where ntop is the integer topological charge of a given gauge-field background; this gives 12
SM fermions in a background with ntop = 1.
The interactions sourced by the B+L anomaly are of a non-perturbative nature, and can
be understood as transitions between vacua of the electroweak theory, classified by integer
Chern-Simons number. The minimum energy barrier between the vacua is known as the
sphaleron energy –where the sphaleron is the unstable field configuration at the top of the
energy barrier [10]– and is of the order of Esph = 9 TeV in the SM [11, 12] as well as its
extensions [13–16]. At finite temperature, as in the early Universe, thermal excitations of the
plasma can overcome the sphaleron barrier, and the transition rate after the phase transition
can be estimated in terms of the sphaleron energy and the temperature [17]. At nearly zero
temperature, as in a particle collider or cosmic ray event, the transition between vacua is a
tunneling process, and can be estimated with semiclassical instanton techniques [18,19]. The
transition rate is then determined by the Euclidean action of the SU(2) instanton, going as
ΓB+L ∝ e−
4pi
αW = O(10−164), (1.2)
where αW = g
2
2/(4pi), with g2 the coupling constant of the weak interactions. Although the
situation would seem rather hopeless [20, 21], the fact that rates can be unsuppressed in a
thermal plasma suggests that one could get observable B + L-violating rates at a collider if
the initial state has an energy comparable to the sphaleron barrier [12,22]. The first quanti-
tative estimates in ref. [23] and [24] offered striking results: although the rate involving the
minimum of 12 SM fermions remains exponentially small, amplitudes involving the emission
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of gauge bosons raise with powers of the centre-of-mass energy, and in fact the inclusive rate
involves an exponential function of the energy, which becomes unsuppressed for
√
sˆ ∼ Esph.
Higher-order corrections have also been shown to exponentiate [25–29] and this is believed
to happen to arbitrary order for final-state bosons (including Higgses [29], although their
effect is subdominant [26, 28, 30]), which was interpreted as a hint for the existence of an
alternative semiclassical expansion that should resum the perturbative corrections in the in-
stanton background [25, 26]. The problem is that the usual instanton perturbation theory
only allows to estimate the exponential function as a series expansion in powers of
√
sˆ/E0,
with E0 =
√
6pimW /αW ∼ 18 TeV of the order of the sphaleron energy. Thus, instanton
calculations at a fixed order lose predictive power in the regime of interest
√
sˆ & Esph, as had
been anticipated in [12,22]. The total B + L violating cross-section has then the structure
σ2→anyB+L = f(sˆ)e
− 4pi
αW
F [
√
sˆ/E0] , (1.3)
where the “holy-grail” function F [
√
sˆ/E0] has an expansion in (
√
sˆ/E0)
2/3 of the following
form [25–29]
F
[√
sˆ
E0
]
= 1− 9
8
(√
sˆ
E0
)4/3
+
9
16
(√
sˆ
E0
)2
+O
(√
sˆ
E0
)8/3
. (1.4)
In order to gain more information about the holy grail function, one may use unitarity
bounds [31–33], calculations based on dispersion relations [29, 34–37], as well evaluations
based on the coherent-state approach to S-matrix elements, in which estimates for rates with
many-initial particles –which can be calculated semi-classically– are extrapolated down to two
initial states [38, 39]. Unitarity requires F [
√
sˆ/E0] ≥ 0, and does not rule out the possibility
of F becoming small enough at high-energies, so as to lead to observable rates. Estimates
from dispersion relations based on instanton-anti-instanton interactions hint at F becoming
small at high-energies [36], and give a value of the prefactor going as [29]
fSM(sˆ) =
1
m2W
(
2pi
αW
)7/2
. (1.5)
With the semiclassical calculations in the coherent state approach, lower bounds for F were
obtained allowing for F < 0.1 for
√
sˆ & 45 TeV [40, 41]; however, direct estimates for spher-
ically symmetric saddle points give a value of F that flattens out at F ∼ 0.5 . The afore-
mentioned lower bound was used in [42] to estimate rates of the order of 10−3 fb at
√
sˆ ∼ 30
TeV, which would be potentially observable. For more in-depth reviews of the calculations
summarised above, see [43–46].
Aside from the previous estimates relying on semiclassical techniques, a new approach
was advocated in reference [47], which proposed that the tunneling problem in the space of
bosonic fields is equivalent to a one-dimensional effective quantum dynamics in terms of the
Chern-Simons number, whose potential is periodic. Tunneling becomes then unsuppressed
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for energies within conducting energy bands of the Bloch wave-functions; this gives rates at√
sˆ ∼ Esph which are quoted to be 70 orders of magnitude above those corresponding to
F = 0.5, which, using (1.3) and (1.5), would give a cross-section of the order of 100 fb at the
sphaleron energy. This result seems to contradict the exponential suppression in instanton
calculations. The existence of exponential suppression has also been justified with general
arguments based on the idea that an initial two-particle state has an exponentially suppressed
overlap with the configurations which dominate tunneling (see e.g. [48], which argues that
such overlap factors were not accounted for in [49]). Some counter-arguments were given
recently in [49]; the debate is still open, and it has revived the interest in the possibility of
observing B + L violating interactions at colliders or in high-energy cosmic ray events; for
recent studies see for example [50–52].
Most of the previous discussion in the literature was mainly concerned with the enhance-
ment from gauge boson emission. Equation (1.1) prevents interactions with arbitrary number
of fermion emissions within each topological sector, while the exponential dependence in (1.3)
is due to the emissions of large number of bosonic particles. In fact, it can be shown formally
that fermions only contribute to the polynomial factor f(sˆ) in (1.3) [43, 53]. In this paper
we address the question of whether fermions beyond the Standard Model can enhance this
prefactor, and thus play a role in the potential for observation of B+L violating processes at
colliders. Since these processes are due to SU(2) anomalies, only new fermions in non-trivial
SU(2) representations can have an impact. If the new fermions are chiral, heavy masses re-
quire large Yukawa couplings to electroweak scalars like the Higgs; to allow for large masses
while avoiding strong coupling, we will focus instead in vector representations. In this case,
chiral anomalies in backgrounds with ntop = 1 predict not only the SM-like 12 fermion in-
teraction, but also interactions involving the exotic fermions. If these are heavy enough, the
decoupling theorem [54] implies that the SM-like processes will have SM-like rates. However,
the polynomial factor in the cross section can still be enhanced with respect to the SM for the
interactions involving the BSM fermions. Regarding the exponential energy-dependence ac-
counting for gauge-boson emission, the arguments leading to equation (1.3) still apply for the
processes with BSM particles, but the associated holy grail function could be sensitive to the
masses of the exotic fermions. Our main goal will be to study ratios of cross sections for BSM
processes over SM-like processes; doing so, we expect to eliminate sensitivity with respect
to uncertainties in the overall normalisation. We will work in the sector with ntop = 1, and
restrict to partial amplitudes with fixed numbers of gauge bosons, estimated with instanton
techniques as in [19, 20, 23, 24, 55]. The novelty of our approach lies in the emphasis put in
the selection rules enforced by chiral anomalies in the presence of fermion masses, and the
use of decoupling arguments to arrive to an instanton density valid for instanton scales both
above and below these masses. Ratios for processes with zero bosons will allow to estimate
the impact of BSM fermions in the polynomial contributions to the cross section. On the
other hand, estimates of the enhancement of the rates with the number of bosons will allow
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us to qualitatively infer whether F is sensitive to the BSM fermions. This is because the first
energy-dependent term in the expansion (1.4) of the holy grail function is known to capture
the sum of the cross sections with fixed numbers of gauge bosons, at leading order in the
semiclassical expansion around a single instanton. A dependence of the holy grail function
on the mass of heavy fermions is of course expected from the fact that, for a fixed centre
of mass energy s, having to produce more exotic fermions reduces the energy available for
boson emission. Nevertheless, for energies much above the masses of the heavy fermions one
should expect to recover the SM function in (1.4).
To illustrate the impact of exotic fermions, we will focus in simple anomaly-free exten-
sions of the SM including a pair of Weyl fermions in the fundamental of SU(2)L, or a new
Weyl fermion in the adjoint. Such particles can be found in BSM extensions with Super-
symmetry (SUSY), such as the two Higgsinos and the electroweak gaugino in the Minimal
Supersymmetric Standard Model (MSSM). Given this, we will also study scenarios including
both types of BSM fermions, either in simple MSSM realizations with degenerate superpar-
ticles, or in scenarios in which all of them are decoupled except for the Higgsinos and which
are motivated by dark-matter and gauge-coupling unification.
The paper is organised as follows. In section 2 we review how the SU(2)L anomalies
corresponding to chiral rotations of the fermions, as well as B and L transformations, pre-
dict anomalous processes that violate B + L and which, in the presence of exotic fermions,
include not only SM-like interactions, but also reactions involving the BSM fermions. The
quantitative estimate of the rates of B + L reactions will be the subject of section 3, paying
particular attention to anomaly selection rules and decoupling. The formalism will be applied
to concrete scenarios of new physics in sections 4, before the final discussion. We include two
appendices, one summarising our Euclidean-space conventions, and another giving details on
the fermionic zero modes in the fundamental and adjoint representations, and their associated
instanton form-factors.
2 B + L violating processes from SU(2)L anomalies
Consider a theory with NF Weyl fermions, ψk, in representations rk of a gauge group with
coupling g, assumed to be semisimple –as is the case for SU(2), on which this paper will focus.
Each representation rk has generators T
a, a = 1, . . . ,dim(rk), and an associated Dynkin index
Tk, defined from the relation
TrrkT
aT b = Tk δ
ab. (2.6)
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The fermions may also be charged with charges qSk under a global U(1) symmetry S with
transformations4
ψk → eiqSk αψk. (2.7)
Quantum effects will in general give rise to an anomalous conservation law for the associated
current JµS =
∑
k q
S
kψ
†
kσ
µψk:∫
d4x ∂µJ
µ
S =NSntop,
NS = 2
∑
k
qSk Tk,
ntop =
∫
d4x
g2
16pi2
Tr F˜µνF
µν , F˜µν =
1
2
µνρσF
ρσ.
(2.8)
In the above equation, Fµν = ∂µAν−∂νAµ−ig[Aµ, Aν ] is the field strength –with Aµ = AaµT a
the gauge potential– and µνρσ is the Levi-Civita tensor with 0123 = 1. The notation ntop
reflects the fact that ntop is a topological invariant –the integral of a total derivative, and
thus determined by boundary terms– known to take integer values. For field configurations
with finite energies, the gauge potential must approach a pure gauge configuration, Aµ =
ig−1U∂µU†, at space-time infinity, which defines a map from the 3-sphere at the space-time
infinity to the gauge group, forming an equivalence class labelled by ntop. The anomaly
implies a violation of the conservation of the charge QS =
∫
d3xJ0S associated with the global
symmetry:
QS(t =∞)−QS(t = −∞) =
∫
d4x
dJ0S
dt
=
∫
d4x ∂µJ
µ
S = NSntop , (2.9)
where we assume the current is not flowing-in or -out at the boundary of the spacial infinity,∮
S
~JS · d~s = 0. The anomalous processes predicted by the relation (2.9) will be associated
with effective interaction vertices arising from nonperturbative dynamics, as reviewed in the
next section. The nonperturbative character of the anomalous effects can be understood from
the fact that they appear in association with the topological charge ntop, which, being the
integral of a total derivative, does not generate any perturbative vertices.
Of particular importance are the chiral symmetries Ck –present when there are no mass
terms that couple pairs of fermions charged under the gauge group– which rotate the Weyl
fermions in a given nontrivial representations k of the group, with qk = 1. This implies that
∆Qkchiral = 2Tkntop ≡ N0,kF ntop. (2.10)
One can define as well combinations of the above flavoured chiral rotations, in particular
that in which all Weyl fermions are rotated with the same phase. This leads to the following
4S may be the baryon or lepton number of the SU(2) doublets. In the former case, the doublets of quark
Weyl spinors have qSk = 1/3, whereas in the latter case the lepton doublets have q
S
k = 1.
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relation for the total chiral charge, Qchiral,
∆Qchiral =
∑
k
N0,kF ntop ≡ N0Fntop (2.11)
For fermions in the fundamental of SU(2), T (fund) = 1/2, while for fermions in the ad-
joint, T (adj) = 2. Assuming classical invariance under chiral rotations, the anomaly (2.11)
predicts that the processes with minimal violation of Qchiral correspond to gauge-field back-
grounds with ntop = 1, with every fundamental fermion contributing one unit to ∆Qchiral,
every adjoint fermion contributing 4 units, etcetera. This means that the corresponding ef-
fective interaction vertex consistent with the anomaly of ∆Qchiral under SU(2), and with
minimal charge violation, will involve one field insertion for every Weyl fermion in the fun-
damental, 4 fermion insertions for every Weyl fermion in the adjoint, and 2Tk insertions for
any other representation rk. Such anomalous interactions must involve all the Weyl fermions
present in the theory that transform nontrivially under SU(2), as enforced by the anomalous
conservation laws of the flavoured chiral symmetries (2.10).
In the presence of mass terms that couple pairs of fermions charged under the gauge
group, the chiral symmetry is explicitly broken.5
Even with a broken symmetry, one may still treat the masses as spurions with an asso-
ciated chiral charge which would render the mass-terms invariant. Then one may still use
equation (2.11) to constrain the effective Lagrangian, but with the understanding that mass
insertions also count towards ∆Q; in this sense, (2.11) becomes a selection rule. In this
way, one gets not just the previous effective vertices involving all the Weyl fermions in non-
trivial representations of SU(2), but also additional lower-dimensional operators, in which
pairs of fermion fields are traded for the conjugate of their corresponding mass (note that, if
L ⊃ −mψkψl + c.c., then m∗ carries the same spurious chiral charge as the product of two
Weyl spinors. The maximum number of insertions of a given mass is the one that saturates
the contribution of the associated fermions to ∆Qchiral. This follows from considering alter-
native chiral symmetries which do not involve rotations of the massive fermions, and thus
remain classically exact; the associated ∆Q give the minimum amount of chiral violation in
the anomalous interactions).
In the SM, every generation, k, has 3 quark doublets qcwk –where c = 1, . . . , 3 is a colour
index, and w = 1, 2 a weak index– and a lepton doublet lw, all in the fundamental of SU(2).
Despite the presence of Yukawa couplings, there is still an exact classical chiral symmetry
under which the left-handed doublets have unit charge, and the SU(2)L singlets transform
with compensating phases that leave the Yukawa terms invariant. Eq. (2.11) then predicts
5
Note that this does not apply to the fermion mass terms or the Yukawa terms in the Standard Model, since
the right-handed quarks and leptons are SU(2) singlets. One can still define a classical chiral symmetry by
complementing the rotations of the doublets with compensating transformations of the singlets.
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anomalous interactions with ntop = 1 involving 12 fermion fields, of the form
∆L ∼ y{c};{w}
3∏
i=1
q
c1iw
1
i
i q
c2iw
2
i
i q
c3iw
3
i
i l
w4i
i , (2.12)
where the index i is not summed over, and the y{c};{w} must be compatible with gauge
invariance under the SM gauge group. The number and type of fermions per generation
in the interaction vertex follow from considering chiral symmetries –and their anomalies–
in which only some of the fields are charged. The result is a determinant-like interaction,
involving one fermion of each type; such anomalous vertices where discovered by ’t Hooft in
the QCD context [20]. Crucially, the interaction breaks baryon and lepton number, while
preserving B −L, as it is clear from the fact that all quark doublets qk carry B = 1/3, while
the lepton doublets lk carry L = 1. This, of course, fits with the anomalous identities for B
and L that follow from (2.8), which implies ∆B = ∆L = 3ntop.
Having reviewed the situation in the SM, one may wonder if new physics with massive
fermions can have an effect on the B+L violating interactions. Naturally, in order to partake
in weak anomalous processes, the new massive fermions should be charged under SU(2). A
priori there is no reason that these particles carry B or L, yet they could have some anomalous
fermion number. But even if the fermion number is non-anomalous, the new particles will
still partake in anomalous interactions. This is because, as seen before, the anomaly under
chiral rotations enforces interactions that involve all the new Weyl fermions charged under
SU(2). If the new fermions are chiral –i.e., if one can find a classical symmetry under which
all SU(2) Weyl fermions have unit charge– then all anomalous interactions must involve the
new fields, and there is no limit in which one recovers the SM interactions of the form of
equation (2.12). This might seem puzzling given the decoupling theorem, which would appear
to warrant an SM-like limit if the new particles become heavy. However, new chiral fermions
can only become heavy by coupling strongly to the Higgs, so that the decoupling theorem
does not apply.6 For nonchiral new fermions –that is, with masses incompatible with classical
chiral symmetries– then, aside from the interactions involving all SU(2) Weyl fermions, there
will be additional vertices in which pairs of new fermion fields are traded for insertions of their
associated mass. In this case one predicts SM-like vertices as in (2.12). Now the decoupling
theorem applies, and in the limit of heavy new particles one expects to recover identical rates
as in the SM case for the SM-like processes.
Regarding the possibilities for new weakly charged fermions, it should be noted that
they are restricted by the Witten and gauge anomalies. The Witten anomaly [56] requires
an even number of fermions in representations with half-integer Dynkin index –such as the
fundamental, but not the adjoint. In regards to the gauge anomalies, they are of no concern for
6Decoupling holds in the limit in which particles are made heavy, while keeping their couplings constant.
This possibility is however strongly constrained by the measurements of the Higgs productions and decays at
the LHC.
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SU(2), as its anomaly is determined by the invariant symmetric tensors dabcρ = Trρ{T a, T b}T c,
which vanish in SU(2). However, if the new particles carry representations under other gauge
groups –such as SU(3), U(1)Y or a hidden gauge group– there will be additional constraints.
To finish this discussion and pave the way for the last part of the paper, we will consider
four example scenarios with nonchiral fermions, which will be analyzed in section 4.
Dirac fermion in the fundamental
Such a Dirac fermion, ΨF = {ψF,α, ψ˜†,α˙F }, involves two left-handed Weyl fermions, ψF
and ψ˜F , in the fundamental and antifundamental representations, respectively.
7 There is no
Witten anomaly, and one may write a Dirac mass L ⊃ mFΨFΨF = mF ψ˜FψF + c.c. implies
∆Qchiral = 14, and one predicts then two types of vertices:
• Vertex with 14 Weyl fermions, of the form
∆LF ∼ y{c};{w}
(
3∏
i=1
q
c1iw
1
i
i q
c2iw
2
i
i q
c3iw
3
i
i l
w4i
i
)
ψw
5
F ψ˜
w6
F ; (2.13)
• SM-like vertex with 12 fermions as in (2.12), which still satisfies ∆Qchiral = 14 by
involving an insertion of m∗F in substitution of ψF ψ˜F .
The fermion number is defined such that it is associated with the phase rotation of the
Dirac fermion ΨF = {ψF,α, ψ˜†,α˙F } and ψF and ψ˜F carry opposite charges. The vertex in (2.13)
thus preserves the number of the new species; instead, the anomalous interactions will involve
for example the creation or annihilation of particle-antiparticle pairs of the new fermion.8
Weyl fermion in the adjoint
We may write the adjoint Weyl fermion as ψaAT
a. Again, there is no Witten anomaly,
and one can write down a gauge-invariant mass term, mAψ
a
Aψ
a
A, incompatible with chiral
symmetries, and which can assign mA a spurious chiral charge of −2. The anomaly equation
is now ∆Qchiral = 16, and one predicts three types of vertices:
• Vertex with 16 Weyl fermions, of the form
∆LA ∼ y{c};{w};{a}
(
3∏
i=1
q
c1iw
1
i
i q
c2iw
2
i
i q
c3iw
3
i
i l
w4i
i
)
ψa1A ψ
a2
A ψ
a3
A ψ
a4
A , (2.14)
• Vertex with 14 fermions (involving an insertion of m∗A),
∆LA ∼ y{c};{w};{a}m∗A
(
3∏
i=1
q
c1iw
1
i
i q
c2iw
2
i
i q
c3iw
3
i
i l
w4i
i
)
ψa1A ψ
a2
A , (2.15)
7Note that the fundamental and antifundamental representations of SU(2) are related by a similarity
transformation involving the antisymmetric matrix  = iσ2, with σ2 the second Pauli matrix.
8This is the reason that models of asymmetric dark matter in which the B + L asymmetry is related to a
dark-sector fermion number through SU(2) anomalies require dark fermions to be chiral.
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• SM-like vertex with 12 fermions as in (2.12), which can be understood from an insertion
of (m∗A)
2.
We note that adjoint fermions appear in supersymmetric gauge theories, and their nonper-
turbative, anomalous interactions have been intensively studied (see e.g. [57]). This motivates
us to also consider the situation in the Minimal Supersymmetric Standard Model (MSSM)
or related models.
SUSY inspired models
The MSSM involves the following additional fermions charged under SU(2): two Weyl
fermions in the (anti) fundamental –the Higgsinos ψHu and ψHd , which can be grouped into
a Dirac fermion in the fundamental– and a Weyl spinor in the adjoint, the SU(2) gaugino
λ2. The Higgsinos are coupled through a supersymmetric mass term, µ, while the gauginos
have a Supersymmetry-breaking mass, M2. Then we are in a situation which combines the
previous two scenarios. The allowed vertices are:
• Vertex with 18 Weyl fermions, of the form
∆LMSSM ∼ y{c};{w};{a}
(
3∏
i=1
q
c1iw
1
i
i q
c2iw
2
i
i q
c3iw
3
i
i l
w4i
i
)
λa12 λ
a2
2 λ
a3
2 λ
a4
2 ψ
w5
Huψ
w6
Hd
, (2.16)
• Vertex with 16 fermions, involving an insertion of M∗2 ). This gives an interaction of the
form
∆LMSSM ∼ y{c};{w};{a}M∗2
(
3∏
i=1
q
c1iw
1
i
i q
c2iw
2
i
i q
c3iw
3
i
i l
w4i
i
)
λa12 λ
a2
2 ψ
w5
Huψ
w6
Hd
, (2.17)
• Vertex with 16 fermions (involving an insertion of µ∗). This gives an interaction similar
to (2.14).
• Vertex with 14 fermions, involving two insertions of M∗2 , giving an interaction as in
(2.13).
• Vertex with 14 fermions, involving an insertion of M∗2µ∗. This gives an interaction as
in (2.15).
• 12 fermion SM-like vertex as in (2.12), arising from an insertion of (M∗)2µ∗.
The previous vertices will exist in any realization of the MSSM in which the Higgsinos and
weak gauginos are not decoupled, regardless of the masses of the rest of the BSM particles.
For concreteness, in this article we will consider a Split-SUSY inspired scenario, in which
the Higgsinos and weak gauginos are the only dynamical BSM fields, as well as a degenerate
MSSM limit in which all BSM scalars and fermions of the MSSM are assumed to have
approximately degenerate masses.
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3 B + L violating rates from instanton effective Lagrangians
In this section we review how the nonperturbative anomalous interactions can be recovered
by means of instanton techniques. Although, as said in the introduction, perturbations
around instanton backgrounds are known not to be able to accurately capture the effect
of gauge boson emission –since in the SM the leading instanton results only give the first
energy-dependent term in the expansion (1.4) of the holy-grail function– they will suffice to
estimate the behaviour of the polynomial function f(sˆ) in (1.3). We will nevertheless estimate
corrections from gauge boson emission in the instanton background in order to assess how
the masses of heavy fermions affect the (
√
sˆ/E0)
4/3 contribution to the holy grail function.
We will start by reviewing the usual construction of effective Lagrangians for fermions in
an instanton background, emphasising how the selection rule (2.11) can be used to understand
features related to the properties of the fermionic zero modes and the insertions of fermion
masses. Next, we will review the effect of adding a scalar field that breaks the gauge symmetry,
and the construction of anomalous effective interactions including both fermions and bosons.
We will improve upon the usual expressions by accounting for decoupling effects, and we
will provide approximate formulae for the effective interactions that will be used in the next
section to estimate relative cross sections.
3.1 Instanton effective Lagrangians in gauge theories with fermions
Instanton calculations rely on semiclassical (saddle-point) approximations to the path integral
[19] (see e.g. [58] for a pedagogical introduction). Consider an SU(N) gauge theory with
gauge fields Aaµ and fermions ψk –the effect of a Higgs scalar will be considered later. The
gauge fields fall into equivalence classes of configurations with different values of the integer
topological charge ntop in (2.8), so that the path integration over gauge fields can be expressed
as a sum of path integrals over the different topological sectors. Crucially, equation (2.11)
for the chiral anomaly implies that in any ntop 6= 0 background the chiral charge must be
altered, and thus the saddle point approximations to the path integrals for the sectors with
nonzero ntop must generate the anomalous interactions of section 2.
In this theory, the classical vacua are given by the pure gauge configuration Aµ(x) =
ig−1U†(x)∂µU(x). For a given time slice, the classical vacua are given by maps from three-
dimensional space, with coordinates x, to group elements g ∈ SU(2) ' S3. In the topological
gauge, where A0(x) = 0 for any x and Aµ(x) → 0 for |x| → ∞, the latter condition allows
to identify spatial infinity with a single point, and the space R3 is compactified into S3.
One can then see that the classical vacua are classified by the Chern-Simons number, NCS,
corresponding to the winding number pi3(S
3) = Z. It can be shown that ntop = NCS(t =∞)−
NCS(t = −∞). We expect then the existence of mutually orthogonal “perturbative” vacuum
states |n〉 with associated integer NCS = n, and a true vacuum state |0〉 given by a linear
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combination of the former. Since |0〉 has to be gauge invariant, and time-independent gauge-
transformations change NCS by integer amounts, this forces |0〉 =
∑
n e
inθ|n〉 for an arbitrary
θ. Then, after a rotation to Euclidean space (see appendix A for our conventions) we may
write the generating functional, given by the amplitude out〈0|0〉in =
∑
mn out〈m|n〉inei(n−m)θ,
as:
Z =
∑
mn
out〈m|n〉inei(n−m)θ =
∑
N
∫
[dAN ]
∏
k
[dψk][dψ
†
k] exp (−S) ,
S =Sg + Sθ + SF + Sg.f.,
Sg =
∫
d4x
1
2
TrFµνFµν ,
Sθ = iθntop =
∫
d4x
iθg2
16pi2
Tr F˜µνFµν ,
SF =
∫
d4x − ψ†kiσµDµψk +
(
1
2
Mklψkψl + c.c
)
; σµ = (−~σ, i),
Sg.f. =
∫
d4x
1
2ξ
F a[Aµ]F
a[Aµ] + c¯
a δF
a[Aµ]
δAbµ
(Dµc)
b.
(3.18)
In the above equations, [dAN ] represents path integration of gauge fields over the sector with
topological charge ntop = N . Note that we identified ntop in (3.18) with the difference n−m
of the Chern-Simons numbers of the in and out vacua, as anticipated before. Although the
relation between NCS and ntop only works in the topological gauge, the same applies to the
identification of vacua with static pure gauge configurations; for arbitrary gauges we then take
equation (3.18) as the definition of the partition function of the true vacuum. The inclusion
of the θ-term, which we motivated by demanding gauge-invariance of the vacuum, can also
be argued by demanding that the Lagrangian includes the most general renormalisable and
gauge-invariant interactions. The covariant derivative of the fermions is Dµ = ∂µ − igAaµT a.
Sg.f. is the contribution responsible for gauge-fixing, involving gauge-fixing functions F [A]
a,
a gauge-fixing parameter ξ, and Grassmannian ghost fields ca in the adjoint representation
of the gauge group, with (Dµc)
a = ∂µc
a + gfabcAbµc
c. In the SM, the θ angle for SU(3)
is constrained as |θ3| < 10−10 by the non-observation of the neutron dipole moment [59],
while for SU(2) it is unobservable, as it can be rotated away by a combination of B and L
transformations [60,61].9
As said before, instanton calculations rely in approximating the path integration within
each topological sector by performing a saddle point expansion around configurations which
extremise S = Sg + Sθ + SF + Sg.f . The sector of zero topological charge corresponds to
ordinary perturbation theory around a background with Aµ = 0, so that the first nontrivial
corrections correspond to ntop = ±1 saddle points: the single instanton and anti-instanton.
Saddle-points with higher ntop (multi-instantons) are expected to be approximately equivalent
9Strictly speaking, it is not θ3 that is constrained, but a combination of θ3 with the phases in the fermion
mass matrix that remains invariant under chiral rotations. We will elaborate on a related subtlety concerning
θ, chiral rotations and fermion decoupling in section 3.3.
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to a dilute gas of instantons, and so their classical action is n times the single instanton
action, so that one expects a higher exponential suppression in exp(−S) –see however [47,
49], which suggest otherwise. Here we will limit ourselves to |ntop| = 1. As was argued
in section 2, |ntop| = 1 corresponds to anomalous interactions with a minimal amount of
nontrivial violation of the chiral charge; we will focus on ntop = 1, which yields the interactions
vertices we wrote for the SM or its extensions in equations (2.12), (2.13), (2.14), (2.15). The
ntop = −1 case is similar, yielding interactions with the opposite violation of the charge (see
(2.11)), and captured by taking the complex conjugate of the ntop = 1 interaction vertices.
The anomalous effective interactions for fermions can be recovered with instanton tech-
niques by using the following procedure [19, 20, 23, 24, 55]. First, one computes Green func-
tions involving fermions in the n-th topological sector by performing a saddle-point expansion
around an n-instanton configuration. Then, one defines the effective Lagrangian in the n-th
sector as the one which gives rise to tree-level vertices which reproduce the previous Green
functions.
3.1.1 The n = 1 instanton configuration
The n = 1 instanton-configuration is an extremum of the Euclidean action S in (3.18), with
associated topological charge ntop = 1. Instantons for arbitrary simple gauge groups can be
constructed from the SU(2) solution found in [18], which can be embedded into the SU(2)
subalgebras of larger groups. The fermion fields in this BPST instanton solution can be set
to zero, while, for a choice of gauge enforcing ∂µAµ = 0 in the absence of a scalar or fermion
background, the gauge fields go as
Aµ = U
† 2
g
ηaµν(x− x0)ν
(x− x0)2 + ρ2 τ
a U. (3.19)
In the previous equation, τa, represent the generators of an arbitrary SU(2) subalgebra, with
a = 1, 2, 3, and U denotes a rigid (space-time independent) rotation in the full gauge group
(as opposed to the SU(2) subgroup). The previous gauge-field configuration is localised in
space-time (hence the name ”instanton”) around an arbitrary point x = x0, with a spread
controlled by an arbitrary scale ρ. ηaµν , with a = 1, 2, 3, µ, ν = 1, .., 4 are the so-called
’t Hooft symbols, which, under the convention that x4 designates Euclidean time, satisfy
ηaµν = aµν , µ, ν ∈ {1, 2, 3},
ηa4ν = − ηaν4 = −δ4ν , ν 6= 4,
ηa44 = 0.
(3.20)
The BPST instanton can be seen to have topological charge one, and its Euclidean action is
given by
Sinst =
8pi2
g2
. (3.21)
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When studying quantum fluctuations around the instanton solution, it is convenient to pick
a gauge such that Aaµ vanishes at infinity like A
a
µ ∼ r−n with n ≥ 2. This simplifies the
treatment of the instanton’s zero energy bosonic fluctuations [62]. Such behaviour is not
satisfied by the BPST instanton of equation (3.19), but one may remedy this by performing
a gauge transformation with a group element U(x) within the SU(2) subalgebra. In our
conventions, the gauge transformations of Aµ go as Aµ = A
a
µT
a → U†AµU + ig−1U†∂µU .
Choosing
U(x) = U˜ † iσµ(x− x0)µ√
(x− x0)2
U˜ , (3.22)
where U˜ is a new arbitrary rigid rotation, the resulting instanton configuration is
Aµ = U˜
† 2
g
ηaµν(x− x0)ν
ρ2
(x− x0)2[(x− x0)2 + ρ2]τ
a U˜ , (3.23)
where the ηaµν symbols are obtained from the relations in (3.20) by changing the sign of
δ. The previous equation gives the instanton in the so-called “singular gauge”, given that
it blows up at x = x0; however, the action, being gauge-invariant, remains as in equation
(3.21), and the singularity is merely a gauge artifact.
3.1.2 Zero modes, fluctuations, and effective Lagrangians for small instantons
The fields ϕ ≡ {Aaµ, ψk} can be expanded around the instanton configuration ϕinst of equa-
tion (3.23), ϕ(x) = ϕinst(x) + ϕ˜(x). Then, using the fact that the instanton configuration
extremises the Euclidean action and has unit topological charge, one may write
S[ϕ] =
8pi2
g2
+ iθ +
∫
d4xd4y
δ2S[ϕ]
δϕ(x)δϕ(y)
∣∣∣∣
ϕinst
ϕ˜(x)ϕ˜(y) +O(ϕ˜3). (3.24)
The fluctuations ϕ˜(y) can be expanded in eigenvalues of the fluctuation operator δ2S[ϕ]/δϕ(x)δϕ(y).
The integration over modes with nonzero eigenvalues is Gaussian, and gives determinant fac-
tors. On the other hand, the integration over bosonic zero modes can be recasted into an
integration over collective coordinates –arbitrary parameters in the instanton solution– for
which one needs to calculate the associated Jacobians.
The SU(N) instanton in a theory with gauge fields and fermions has the following zero
modes [19,62]:
• Four translation zero modes, associated with shifts in the collective coordinate x0 in
equations (3.19), (3.23).
• A dilatation zero mode, associated with shifts in the scale ρ of the instanton.
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• 4N −5 zero modes related to gauge transformations, related to shifts in the parameters
of the rigid rotation U˜ in (3.19). This gives 3 zero modes in SU(2), coinciding with
the dimension of the Lie group. For N > 2 the number of gauge modes 4N − 5 does
not coincide with the dimension of SU(N) because some transformations U˜ leave the
instanton solution invariant. The instanton background preserves a U(N−2) symmetry,
so that 4N − 5 is the number of generators broken in the instanton solution.
• N0F = 2
∑
k Tk fermionic zero modes (in the absence of fermion masses).
The bosonic zero modes can be expressed as derivatives of the instanton solution with respect
to the collective coordinates γ = {x0µ, ρ, U˜}, supplemented by compensating gauge transfor-
mations that bring the configuration back to the chosen gauge slice. The singular gauge is
convenient because all the zero modes can be treated in the same footing when calculating
their associated Jacobian.
The number of fermionic zero modes can be understood from the index theorem [63] of the
Dirac operator in the instanton background [64,65]. Moreover it coincides with the maximal
number of fermion fields in the anomalous interactions discussed in section 2. This connection
becomes clearer when constructing the fermion effective Lagrangian induced by the instanton.
To do so, one has to consider fermionic Green functions in the instanton background. First,
the Green function without any fermion fields –the one-instanton contribution to the vacuum-
to-vacuum amplitude– is given as anticipated above by the contribution from the instanton
action (3.21), times a contribution over the bosonic zero modes –involving an integration over
collective coordinates γ = {x0, ρ, U˜}– times determinant factors:
out〈n|n+ 1〉in = exp
[
− 8pi
2
g2(µ)
− iθ
] ∫
dγJ(γ)det′M−1/2A det
′Mgh detMΨ. (3.25)
Above, µ is the reference renormalisation scale, and J(γ) is a zero-mode Jacobian. MA,Mgh
and MΨ denote the fluctuation operators of gauge fields, ghosts and fermions, respectively,
while det′ denotes the determinant with the zero modes omitted. In the case of fermions, the
determinant may include the zero modes, though the eigenvalues with smallest magnitude
are determined by the fermion masses and they can be nonzero.
The lowest fermion modes are especially relevant, since, as will be seen, they determine
the leading contributions to the effective Lagrangian in the instanton background in the limit
ρMkl  1. A treatment of the fermion fluctuation operator is simplified when using four-
component spinors. Consider a basis in which Weyl fermions interact through mass terms that
pair each fermion with at most one other. If a mass term links a pair of fermions (k, l), with
k 6= l (so that, in order to ensure gauge invariance, k, l are conjugate representations, then one
can group the pair into a Dirac fermion Ψkl. Weyl fermions in self-conjugate representations,
such as the adjoint, can have mass terms Mmm with themselves, so one can construct Dirac
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fermions Ψmm satisfying a (Minkowski) Majorana condition:
10
Ψkl ≡
[
ψk,α
ψ†,α˙l = 
α˙β˙ψ†
l,β˙
]
, Ψkk ≡
[
ψk,α
ψ†,α˙k
]
, (3.26)
where we used dotted indices to distinguish Weyl fermions from their conjugates, and used
the 2× 2 antisymmetric tensor α˙β˙, with 1˙2˙ = 1, to raise dotted indices. In this way we can
always group all our fermions into massive or massless Dirac or Majorana four-component
spinors. Defining Euclidean gamma matrices, left and right projectors, as well as a Euclidean
Dirac adjoint as detailed in appendix A, we may write SF in (3.18) as
SF =
∑
[kl]
Skl +
∑
m
Sm, Skl =
∫
d4xΨkl(−iγµDµ +Mkl)Ψkl,
Smm =
1
2
∫
d4xΨmm(−iγµDµ +Mmm)Ψmm.
(3.27)
We use [kl] to denote a sum with k 6= l over the Dirac fermions Ψkl constructed from
distinct Weyl fermions ψk, ψl linked by a mass term Mkl. The 4-component mass matrices
are (including the case k = l):
Mkl = MklPL +M∗klPR. (3.28)
To account for the distinction between Dirac and Majorana fermions, we then write the
determinant of fermionic fluctuation operator MΨ in (3.25) as
detMΨ =
∏
[kl]
detMkl
∏
m
(detMmm)
1/2, (3.29)
with Mkl = −iγµDµ +Mkl the fermionic fluctuation operator for the 4-component spinor
Ψkl. If k = l, the Majorana constraint is taken care by the square root, so that detMmm
should be thought of as acting on unconstrained Dirac spinors (see e.g. [56,67,68]).11 It turns
out that in the instanton background with ntop = 1, when acting on the Dirac spinor Ψkl,
γµDµ has
N0kl = Tk + Tl (3.30)
right-handed zero modes. This can be understood from the Atiyah-Singer index theorem
[63–65], which relates the number of zero modes n± with positive and negative chiralities for
a given Dirac fermion to the topological charge:
n+ − n− = N0klntop. (3.31)
10One cannot define a Majorana condition in Euclidean space compatible with the SO(4) symmetry –see
e.g. [66]. We define the spinor fields and the partition function by analytic continuation from Minkowksi
space [67,68].
11Problems with the square root of the determinant are at the heart of Witten’s anomaly; however, we only
use Majorana spinors for Weyl fermions in the self-conjugate representations such as the adjoint, for which
there is no problem.
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The instanton background, with ntop = 1, satisfies a self-duality condition which can be seen
to imply that n− = 0 [64], which gives then N0kl right-handed zero modes. Indeed, using the
anticommutation property {γµ, γν} = 2δµν , the definition γµν = i4 [γµ, γν ] and the property
[Dµ, Dν ] = −iFµν , it follows that
γµDµΨ = 0⇒ γνγµDν DµΨ = D2Ψ− γµνFµνΨ = 0. (3.32)
In the instanton background one has the advertised self-duality property
Fµν =
1
2
µνρσFρσ, (3.33)
while the matrices γµν satisfy
γµνPL = −1
2
µνρσγρσPL, γµνPR =
1
2
µνρσγρσPR. (3.34)
From this it follows that (3.32) separates into the following equations for the left and right-
handed components:
D2ΨL = 0, D
2ΨR − γµνFµνΨR = 0. (3.35)
The operator appearing in the equation for ΨL is positive definite when acting on normalisable
spinors, so that there is no zero mode solution for ΨL. As will be commented later, the number
n+−n− can also be related to the selection rule (2.11). A typical example is given by a Dirac
fermion in the fundamental, with T (fund) = 1/2, for which there is one right-handed mode,
as in the original calculation by ’t Hooft [19]. Dirac fermions in the adjoint have T (fund) = 2
and four zero modes [64, 69]. The previous result means that, for small Mkl, the eigenvalue
ofMΨkl with minimal modulus isMklPR = M∗kl. Therefore, from the determinants in (3.29)
we expect a factor of
∏
[k,l](M
∗
kl)
Tk+Tl
∏
m(M
∗
mm)
Tm to the vacuum amplitude, coming from
the contributions of the lowest modes. After accounting for the bosonic zero modes and the
leading logarithmic contributions to the remaining determinants in the limit Mklρ  1, the
result is [19, 62]
out〈n|n+ 1〉in =
∫
d4x
dρ
ρ5
CM (ρ)CI(ρ),
CI(ρ) = c
[
8pi2
g2(ρ)
]2N
exp
[
− 8pi
2
g2(ρ)
− iθ
]
,
CM (ρ) =
∏
[k,l]
(M∗klρ)
Tk+Tl
∏
m
(M∗mmρ)
Tm .
(3.36)
In the equation above, c is a constant, and the integrals over x and ρ are associated with the
translation and dilatation zero modes, respectively. The factor of cρ−5(8pi2/g2)2N is, up to a
power of ρ, the Jacobian of the 4N bosonic zero modes. We note that the presence of the M∗kl
with their corresponding power follows the selection rule of equation (2.11): as discussed in
section 2, (2.11) can still be used in the presence of masses if they are assigned a chiral charge
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of −2 (so that the M∗kl have charge +2). Since all the Weyl spinors are assumed to belong
to either one of the Dirac or Majorana 4-component spinors, it follows that the instanton
induced contribution in (3.36) satisfies indeed (2.11). Conversely, one could use (2.11) to
justify the existence of Tk + Tl fermion zero modes for each Dirac fermion Ψkl, and the fact
that these modes must be right-handed.12 Finally, the factor of exp[−8pi2/g2(ρ)] incorporates
the action of the semiclassical instanton solution, exp[−8pi2/g2(µ)], plus leading logarithmic
corrections from the fluctuations beyond the zero modes (i.e. the leading contribution from
det′M−1/2A and det
′Mgh factors in Eq. (3.25)). When the dominant mass scale is 1/ρ (as
in the limit ρMkl  1), the µ dependence in g(µ) is cancelled –as must happen for physical
observables– by factors of log ρµ, with coefficients fixed by the beta function of g(µ). The
corrections then resum into the coupling g(ρ), as is most clear if one chooses µ = ρ, which
cancels all log(ρµ) corrections (for the two-loop, RG-improved version of (3.36), see [70,71]).
The coupling g(ρ) runs with the inverse of the instanton size with the usual beta function.
For an SU(N) theory with fermions and scalars, at one-loop order one has
ρ
∂
∂ρ
[
8pi2
g2(ρ)
]
= −b, b = 11
3
N − 2
3
∑
m
Tm − 1
3
∑
s
Ts, (3.37)
where the sums in m and s run over representations of Weyl fermions and complex scalars,
respectively. Since the vacuum-to-vacuum transition out〈n|n+ 1〉in has to be independent of
the unphysical renormalisation scale, the determinant corrections must cancel the logarithmic
µ dependence.
Beyond the vacuum-to-vacuum amplitude, one may also construct Green functions with
fermion fields. In the background of a single instanton –before integrating over the location,
size and rigid group rotations– the Green function is given by the single-instanton vacuum-
to-vacuum amplitude (the integrand in (3.36)) times a product of fermion propagators in the
instanton background. The latter are defined as the inverse of the fermion kinetic terms.
Ignoring the phases of the Mkl for simplicity, the propagator for a Dirac fermion Ψkl can be
written in terms of the orthonormal eigenmodes Ψrkl of γµDµ in the instanton background,
with eigenvalues λr/ρ:
(−γµDµ +Mkl)−1 =
∑
r
ρΨrklΨ
r†
kl
λr + ρMkl
, γµDµΨ
r
kl =
λr
ρ
Ψrkl. (3.38)
In the limit ρMkl  1, the sum is dominated by the zero mode contributions. As a conse-
quence of this, Green functions involving pairs of fermions ΨΨ in the instanton background
12The anomaly equation (2.11) requires a positive violation of chiral charge in the ntop = 1 instanton
background. Then the leading contribution to the instanton amplitude for small fermion masses must involve
powers of M∗kl, with positive chiral charge. The lowest fermion modes must then have eigenvalues set by
M∗kl instead of Mkl, which implies right-handedness (see (3.28)). The number of zero modes Tk + Tl then
follows from the required amount of charge violation enforced by (2.11) or the related identities for other chiral
symmetries.
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involve the instanton density CM (ρ)CI(ρ) in equation (3.36), times insertions of the product
of fermion zero modes Ψ0Ψ0†:
〈Ψkl(x)Ψkl(y) . . .Ψpq(z)Ψpq(w)〉 =∫
d4x
dρ
ρ5
dU˜CM (ρ)CI(ρ)
∑
i Ψ
0(i)
kl (x)Ψ
0(i)†
kl (y)
M∗kl
. . .
∑
j Ψ
0(j)
pq (z)Ψ
0(j)†
pq (w)
M∗pq
,
(3.39)
where we recovered the appropriate phase of the mass matrices corresponding to the zero
modes, and introduced sums over the possible zero modes, labelled by indices (i), (j), etc.
When considering Green functions with external Majorana spinors, the propagator is again
given by the inverse of the Dirac operator; the Majorana constraint would only influence
vertex Feynman rules and the combinatorics of contractions [72]. For k 6= l, Green functions
with N0kl insertions of ΨklΨkl –the same as the number of zero modes in the Ψkl sector– the
inverse factors of M∗kl in (3.39) cancel the factors of M
∗
kl in the instanton density CM (ρ)CI(ρ),
giving no net power dependence on the mass Mkl. Similarly, for a Majorana spinor Ψmm,
Green functions with N0mm/2 fermion pairs –half the number of zero modes– have no depen-
dence on M∗mm. For a smaller number of fermion-field insertions, some powers of the masses
in CM (ρ)CI(ρ) remain uncancelled, but the selection rule (2.11) is always respected. Green
functions with more than N0kl insertions of ΨklΨkl (or N
0
mm/2 insertions of ΨmmΨmm) are
forbidden by the equivalent of (2.11) for chiral rotations that only affect Ψkl (Ψmm), together
with the requirement of a well-defined limit for massless fermions.
For example, the selection rule for the ”flavoured” chiral rotation of Ψkl implies viola-
tions of the chiral charge by 2N0kl units. Then, effective interactions with more than N
0
kl
pairs of ΨklΨkl would require compensating negative powers of M
∗
kl, which would diverge in
the massless limit. Since such limit is physical and cannot be divergent, the corresponding
interactions should can not be generated.
The effective instanton Lagrangian is constructed such that it mimics the correlators
(3.39), but in terms of fermions with ordinary propagators. In order to estimate physical
observables, it suffices to construct an on-shell effective Lagrangian, which assumes on-shell
conditions for the momenta involved in the Fourier transform of the propagators in the instan-
ton background. The interactions in this on-shell effective Lagrangian are obtained by going
to momentum space and amputating the Green-functions (3.39) with the usual propagators.
This requires to evaluate complicated integrals over the rigid rotations U˜ appearing in the
zero modes. However, one can estimate the result as the product of the group averaging over
each individual propagator.13 It turns out that each propagator average, when evaluated for
on-shell momenta, gives an instanton “form-factor” times a left-handed projector.∑
i
∫
dU˜(p/+Mkl)Ψ
0(i)
kl (p)Ψ
0(i)†
kl (q)(q/+M)
∣∣
o.s.
≡ ρ−1FklPL. (3.40)
13For calculations in which the group averaging is done in full detail, see for example [19,55,73]).
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Note how the PL factor ensures that the on-shell effective Lagrangian only includes the un-
dotted Weyl spinors ψm (see (3.26)). This is as expected from the violation of chiral charge
in the instanton background, as discussed in 2. The zero modes and their associated form
factors for fermions in the fundamental and adjoint representations are discussed in appendix
B. The form factors depend on ρ and the physical masses |Mkl|. For adjoint fermions there
is a subleading dependence on scalar products p · q, which arise as higher-order corrections
in a ρ|Mkl| expansion, but also vanish in the soft limit. In our estimates we will keep the
full ρ|Mkl| dependence –as appropriate for considering new massive fermions– but still as-
sume a soft limit. In this way the form-factors are scalar functions of ρ and |Mkl|. Denoting
u ≡ ρ|Mkl|, we consider four types of form factors:
Massless fermion in the fundamental of SU(2):
FF0 (ρ) = 2pi2ρ3, (3.41)
Massive fermion in the fundamental of SU(2):
FFM (ρ) = 8pi2ρ3
(
uI0
(u
2
)
K1
(u
2
)
− I1
(u
2
)(
uK0
(u
2
)
+ 2K1
(u
2
)))
2, (3.42)
Massive fermion in the adjoint of SU(2):
FAM (ρ) = 16pi2ρ3[uK1(u)− 2K0(u)]2 (3.43)
+
32pi2
M6ρ3
[−16 + u(u(8 + u2)K0(u) + 4(4 + u2)K1(u))]2.
In the above equations, Ii are modified Bessel functions of the first kind, and Ki are Bessel
functions of the second kind. The small and large ρM expansions of the form factors are as
follows:
FFM (ρ) = 8pi2ρ3 +O(ρM)2, FFM (ρ) =
2601pi2ρ3
32(ρM)6
+O(ρM)−8,
FAM (ρ) = 16pi2ρ2
[
2 log
Mρ
2
+ 2γE + 1
]2
+O(ρM)2, FAM (ρ) = 24pi3ρ3e−2ρM (ρM +O(ρM)0),
(3.44)
where γE is Euler’s constant. The form factor for massless fermions in the fundamental is
appropriate for SM fermions. It was used in the original computations in [55], as well as well
as in the B + L estimates in [23, 74]. To account for electroweak symmetry breaking, [24]
used the constrained instanton method [75], ending with results reproducing (3.41) in the
limit of small fermion masses. Our treatment of Higgs effects will be less sophisticated (see
section 3.2) but we will account for the full mass-dependence of the heavy fermions through
the form factors (3.42), and (3.43). In particular, it should be noted how the form factors for
massive fermions go to zero as ρM grows.
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The result in (3.40), together with (3.39) implies that the on-shell effective Lagrangian
for ordinary fermions involves the integral in ρ of ρ−5CM (ρ)CI(ρ) times factors of Fkl for
every fermion pair. For every fermion pair in the effective Lagrangian, the factor ρM∗kl inside
CM (ρ) in (3.36) is cancelled by the 1/M
∗
kl in the propagators in (3.39), and the ρ
−1 in the
definition of the form factors in (3.40). The resulting effective Lagrangians have the following
schematic form, in terms of the original Weyl spinors:
∆L ⊃
∫
dρ
ρ5
CI(ρ) ×
∏
[k,l]
N0kl∑
j=0
(Fkl)j (ψkψl)j(ρM∗kl)N
0
kl−j
×
∏
m
1/2N0mm∑
i=0
(Fmm)i (ψmψm)i(ρM∗mm)1/2N
0
mm−i, ρ|Mmm|  1.
(3.45)
In the equation above, CI(ρ) is given in (3.36), N corresponds to the gauge group SU(N),
and N0kl is given in (3.30). For SU(2) with fermions in the fundamental and adjoint, the
form factors Fkl have to be chosen from formulae (3.41) through (3.43). The Lagrangian
is schematic because of the simplifying assumption on the integration over rigid rotations,
which gives rise to a simplified Lorentz structure for the fermion contractions. When going
beyond such approximations, different operators constructed in terms of gamma matrices
may appear, but all the contributions have coefficients of the order of those in (3.45). Such
effective Lagrangians were introduced by ’t Hooft [19,19] and computed explicitly for SU(2)
and SU(3) in [55], in theories with up to three flavours of Dirac fermions, and with a proper
treatment of the averaging over rigid rotations.
We note that as expected, the Lagrangian satisfies the selection rule (2.11), as every
contribution carries a chiral charge of N0F units. We also remind the reader again that
the calculations that led to (3.45) assumed ρ|Mkl|  1. Such assumption played a role when
approximating fermion propagators by the zero mode contribution, and also in the calculation
of the determinants of the nonzero modes. We will next consider the effects of adding a Higgs
scalar, and review how the effective anomalous interactions (3.45) can be extended to include
bosonic fields.
To finish this section, let us summarise how the Weyl fermions in the SM fit into the above
formalism. In the SM, one has the following undotted spinors: there are SU(2) doublets from
the quarks, with a multiplicity of 6 (three generations, times three colour indices). There are
additionally three lepton doublets from the three generations. This makes a total of 12 Weyl
spinor doublets, which we may denote as ψk,i, k = 1, . . . , 12, where i = 1, 2 is the index of the
fundamental representation. One can also define 12 undotted spinors in the antifundamental
of SU(2) as ψ˜k,i = ijψk,j , where ij is the usual 2 × 2 antisymmetric matrix. We choose
then a basis of fields given by 6 of the ψk, (e.g. with k = 1, . . . 6) and 6 of the ψ˜l (e.g. for
l = 7, . . . , 12), which can be grouped into 6 Dirac spinors in the fundamental of SU(2), which
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take the following form:
Ψkl ≡
[
(ψk)α
(ψ˜l)
†α˙
]
.
Of course, in such contraction the SU(3) and U(1)Y symmetries are not explicit, but the
ensuing instanton interactions will be gauge invariant. This follows from the fact that the
effective Lagrangian for the massless SU(2) fermions involves an interaction of determinant
type, involving one copy of each Weyl fermion charged under SU(2)L [19, 20]. This ensures
invariance under SU(3). Similarly, since the trace of hypercharge is zero in the SM, invariance
under U(1)Y follows.
3.2 Adding bosonic fields.
The previous instanton calculations apply to a theory with gauge fields and fermions, and rely
on a saddle point expansion around the instanton configuration. However, in the presence of
spontaneous symmetry breaking by means of a scalar field H acquiring a vacuum expectation
value 〈H†H〉 = v2/2, there are no instanton saddle points of the classical Euclidean action,
except for ρ → 0. This can be understood from the fact that the mass term of the scalar
field and the ensuing VEV break the rescaling symmetry in the bosonic sector, for which the
instanton parameter ρ is a collective coordinate. However, one can still understand the usual
instantons as saddle points of the action under a constraint that fixes the scale ρ; then the
path integral can still be approximated by expanding around the constrained instantons and
integrating over the constraint [75]. In a constrained instanton, the Higgs field acquires a
nontrivial profile that solves the Euclidean equation of motion in the instanton background,
with boundary conditions guaranteeing a finite energy. This requires the field to approach
the minimum of its potential energy at infinity. For ρv  1, the solution in the singular
gauge for an SU(2) scalar doublet as the Higgs can be approximated as [19]
H =
[
(x− x0)2
(x− x0)2 + ρ2
]1/2
v√
2
hˆ, (3.46)
with hˆ a constant doublet satisfying h†h=1. The classical action of the instanton now picks
up an additional contribution going as
∆S = pi2v2ρ2. (3.47)
∆S acts a cutoff on the ρ integration in the effective Lagrangian (3.45), so that the only
relevant instantons are those with scales ρ . 1/v –that is, those scales for which the mass
of the gauge bosons induced by the symmetry breaking becomes subdominant, so that one
expects to recover the usual instanton behaviour. It can also be seen that a further effect
of the Higgs is to introduce corrections involving logarithms of ρ which modify the effective
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coupling g(ρ) in the scalarless theory –appearing within CI(ρ) in (3.45), see also (3.36)– so
as to reproduce the running coupling in the higgsed theory [75].
Knowing the semiclassical bosonic configurations, one may also compute Green functions
involving bosonic fields in the instanton background. By amputating these Green functions
with ordinary propagators, one can identify the corresponding interactions in the effective
Lagrangian which involve ordinary scalars and gauge bosons, aside from fermions. This can
be done with the aid of the following identities, valid once one includes corrections in the
constrained instanton formalism [23]:
Aaµ(p) =
4pi2ρ2i
g
ηaµνpν
p2 +m2W
+O(ρp),
H(p) = −
√
2pi2ρ2v
p2 +m2h
+O(ρp).
(3.48)
Since in the presence of the Higgs field the ρ integral is cutoff at ρ ∼ 1/v, the relevant values
of ρ satisfy ρmW < 1, ρmh < 1. Then when evaluating the Fourier transforms in (3.48) for
on-shell momenta, the small ρm expansion is justified. This is in contrast to the case of heavy
BSM fermions, for which we will use the form factors in equation (3.41) through (3.43) with
the full ρM dependence. With this we can now expand the effective Lagrangian of equation
(3.45) to account for bosonic interactions involving nh and nW Higgses and W bosons (still
valid for ρMkl  1):
∆L ⊃
∑
nW ,nh
∫
dρ
ρ5
C˜I(ρ) (−
√
2pi2ρ2vh)nh
(
−4pi
2ρ2
g
ηaµν∂νW
a
µ
)nW
×
∏
[k,l]

N0kl∑
j=0
(Fkl)j (ψkψl)j(ρM∗kl)N
0
kl−j

×
∏
m

1/2N0mm∑
i=0
(Fmm)i (ψmψm)i(ρM∗mm)1/2N
0
mm−i
 , ρ|Mkl|  1,
(3.49)
where, accounting for the cutoff effect from the Higgs,
C˜I(ρ) = c
[
8pi2
g2(ρ)
]2N
exp
[
− 8pi
2
g2(ρ)
− iθ − pi2v2ρ2
]
, (3.50)
with g(ρ) the running coupling as in equation (3.37).
3.3 Effective Lagrangians accounting for decoupling effects
As has been emphasised, the effective Lagrangians of equations (3.45) and (3.49) are only
valid for ρMkl  1. Although the ρ integral is cutoff by the Higgs profile, so that only
ρ . 1/v is relevant, the assumption for the fermion masses could be violated by new fermions
beyond the Standard Model, which could be very heavy.
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We wish to obtain modified formulae that are also valid in the limit ρMkl & 1, so that
we can perform a more reliable ρ integration. For ρMkl  1, the powers of ρMkl in the
formulae for the effective Lagrangian came from the contributions of the zero mode, either in
the fermion determinant or the fermion propagator. However, for a Dirac fermion Ψkl with a
large mass, we expect all the eigenvalues of −iγµDµ +Mkl to be of the order of the mass, so
that we expect a different power of Mkl in the determinant than the one that follows simply
from the zero modes. Note that, although we argued that the powers of M∗kl in the effective
Lagrangian are exactly those needed to satisfy the selection rule (2.11), one can still have
corrections involving |M | = (M∗M)1/2, which carry no chiral charge.
The modified dependence on the masses of the fermion determinant can be estimated by
imposing decoupling. The decoupling theorem [54] ensures that, if a particle can be made
heavy while keeping its couplings fixed, then its physical effects become irrelevant, and the
behaviour of the theory can be captured with an effective theory in which the heavy particle
is absent. For a pair of Weyl fermions in mutually conjugate representations of the group, ψp,
ψq, and coupled through a large mass Mpq –or equivalently for a new massive Dirac fermion–
decoupling must happen for large Mpq. This is not the case of chiral fermions, e.g., those
acquiring a mass term through a Yukawa coupling with a singlet fermion, as in the SM: in
this case, if all other masses are kept fixed, a large fermion mass can only be achieved by
increasing the Yukawa coupling, which prevents decoupling. As we have seen, the effective
Lagrangian includes interactions with a varying number of Weyl fermions. The decoupling
of a pair of Weyl fermions means that the effective interactions in the UV theory that do not
involve the heavy fermions should be reproduced by the IR theory without such fermions, up
to subleading corrections. In terms of the effective Lagrangian in equation (3.49), this would
imply the following large Mpq behaviour,
C˜UVI (ρ)(ρM
∗
pq)
N0pq = C˜IRI (ρ) +O
(
1
ρ|Mpq|
)
, (3.51)
where C˜UVI (ρ) and C˜
IR
I (ρ) correspond to the instanton densities (see (3.50)) in the theories
with and without the pair of Weyl fermions ψp, ψq.
Using formula (3.50), we can check whether (3.51) is satisfied. The difference in the beta
function coefficient b that determines the running coupling g(ρ) in the UV and IR theories is
bUV − bIR = −2
3
(Tp + Tq) = −2
3
N0pq. (3.52)
We expect both running couplings to match at the scale of the mass of the heavy fermions
(up to subleading threshold effects), which gives
exp
[
− 8pi
2
g2UV (ρ)
]
= exp
[
− 8pi
2
g2IR(ρ)
]
(|Mpq|ρ)− 23N0pq . (3.53)
The matching of the θ angles in the UV and IR theories is a bit more subtle, when the
masses have nontrivial phases. Under an infinitesimal chiral transformation that only affects
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the fermions ψp and ψq, and with an associated parameter α, the fermion mass Mpq changes
as
δαArgMpq = 2α. (3.54)
On the other hand, the θ parameter is also modified as a consequence of the anomalous
conservation of the chiral current. Under the chiral transformation the effective action Γ in
Minkowski space changes as
δαΓ = −α
∫
d4x ∂µJ
µ = −2N0pq αntop, (3.55)
where we used equation (2.8) applied to the transformations at hand. Since the θ interaction is
proportional to the topological charge, the above result implies that the chiral transformation
induces an anomalous shift in θ:
δαθ = −2N0pqα. (3.56)
As is clear from equations (3.54), (3.56), θ and Mpq have correlated transformations, such
that θ + N0pqArgMpq remains invariant. In the IR theory, there are no fermions ψp, ψq, and
so the IR couplings must be invariants under the chiral transformations of the pair of Weyl
fermions ψp, ψq. This means that the matching of θ goes as
θIR = θUV +N
0
pqArgMpq = θUV − iN0pq log
Mpq
|Mpq| . (3.57)
The difference in the remaining factor (8pi2/g2(ρ))2N in the formula (3.50) is only up to
powers of log(ρ|M |), which are expected to be explained by loop corrections. Ignoring this
difference and substituting Eq. (3.53) and Eq. (3.57) into Eq. (3.50), we find
C˜UVI (ρ)(ρM
∗
pq)
N0pq = C˜IRI (ρ)(|Mpq|ρ)N
0
pq/3. (3.58)
This violates the requirement (3.51) of decoupling, which should not be surprising: the
formula we used for CI(ρ) were obtained in the limit |Mpqρ|  1, while the condition (3.51)
applies in the large ρ|Mpq| limit.14 Still, equation (3.58) offers a way out to implement
decoupling: in the large Mpq limit Mpqρ & 1 the insertions of ρM∗pq in (3.49) should be
altered with an additional factor (|Mpq|ρ)−N0pq/3. Then the decoupling requirement (3.51) is
traded for
C˜UVI (ρ) (ρM
∗
pq)
N0pq (ρ|Mpq|)−N0pq/3 = C˜IRI (ρ) +O
(
1
ρ|Mpq|
)
, (3.59)
14Note that the argument made near (3.37), justifying that quantum corrections from the determinants had
the effect of substituting g(µ) by g(ρ), assumed that ρ was the dominant scale, so that all leading logarithms
were of the form logµρ. For large fermion masses however ρ|M | becomes large and one gets an additional
dependence on the fermion masses, which we recover by imposing decoupling.
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which is indeed satisfied, as follows from equation (3.58). We remind the reader that the
insertions of ρM∗pq corresponded to the determinant of the Dirac operator restricted to the
Ψpq Dirac fermion, and the extra power of (|Mpq|ρ)−N0pq/3 is meant to capture contributions
from eigenvalues beyond the lowest mode.
Aside from interactions that do not involve Ψpq, as we just considered, the ntop = 1
contribution to the effective Lagrangian in the UV theory also includes terms of the form
ΨpqPLΨpq, which are proportional to the the fermion determinant times the fermion propa-
gator.15 These terms will also be modified for large Mpq. As seen before, the determinant
piece will pick up a factor of (|Mpq|ρ)−N0pq/3. On the other hand, the propagator is of the
form (3.38); if ρ|Mpq| & 1, we expect all terms to contribute similarly, being of the same order
as the contribution from the lowest mode. Thus, as we have a sum of terms –as opposed to
a product in the determinant– we don’t expect a modification of the power of ρ|Mpq| coming
from the propagator. The normalisation of the product of determinant and propagator in
the large ρ|Mpq| regime is fixed by requiring that the modified effective Lagrangian matches
the result of equation (3.49), valid in the small Mpq limit, at ρ = |Mpq|. This is already
achieved by the insertion of (|Mpq|ρ)−N0pq/3 in the fermion determinant. Note that the full
mass-dependent form-factors in equations (3.42) and (3.43) do implement as well some form
of decoupling, as is clear from the large ρM expansions in equation (3.44): for ρM  1, the
form factors go to zero, meaning that instantons of sizes much larger than the the inverse
mass of the heavy fermions do not contribute to the interactions of the latter.
The previous results can also be extended to the integration of a heavy Majorana spinor
Ψqq; all goes as before, but N
0
pq should be substituted by N
0
qq/2. Thus we conclude that the
effective Lagrangian (3.49) generalised to large ρ|Mpq| is of the form
∆L ⊃
∑
nW ,nh
∫
dρ
ρ5
C˜I(ρ) (−
√
2pi2ρ2vh)nh
(
−4pi
2ρ2
g
ηaµν∂νW
a
µ
)nW
×
∏
[k,l]
(ρ|Mkl|)N0klbkl
N0kl∑
j=0
(Fkl)j (ψkψl)j(ρM∗kl)N
0
kl−j

×
∏
m
(ρ|Mmm|)1/2N0mmbmm
1/2N0mm∑
i=0
(Fmm)i (ψmψm)i(ρM∗mm)1/2N
0
mm−i
 ,
bmn =
{
0, ρ|Mmn| < 1,
−1/3, ρ|Mmn| & 1.
(3.60)
When ρ crosses a fermion mass threshold, the behaviour of the interaction changes, but
there is continuity at the threshold. As anticipated before, decoupling can be recovered by
insertions of powers of ρ|M | in the effective Lagrangian, maintaining compatibility with the
15 The term ΨpqPRΨpq is generated by the ntop = −1 instanton, which is necessary to make the effective
Lagrangian Hermitian (i.e. Ψpq(PL + PR)Ψpq = ψ
†
pψ
†
q + ψqψp).
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selection rule in (2.11). The fact that this works out is not trivial, as it requires to account
for the nontrivial matching between θ angles in (3.57). 16
4 Enhancement of the polynomial contributions to B +L vio-
lating rates in BSM theories
With the effective Lagrangian in (3.60) we are now ready to study how the rates of B + L
violating processes are affected by the presence of heavy fermions. Equation (3.60) ignores
the details of spinor algebra (possible contractions, insertions of Pauli matrices, etc) and
performed only approximately the integrations over rigid rotations, but it should suffice for
order-of-magnitude estimates. Furthermore, we will opt for estimating ratios, which should
be less affected by theoretical uncertainties.
We will assume a two-quark initial state with a fixed centre-of-mass energy, and consider
cross-sections for the multi-particle final states that follow from the effective Lagrangian
(3.60), which accounts for the effects of anomalies. As mentioned in the introduction, BSM
scenarios with new electroweak, nonchiral fermions predict SM-like anomalous interactions
involving 12 SM fermions, as in (2.12) –which give rise to processes qq → 7q+3l –17 plus addi-
tional interactions involving not only the SM fermions, but the exotic ones. For concreteness,
we will focus on the following BSM scenarios:
• Scenario F : M plus a Dirac fermion in the fundamental representation of SU(2), or
equivalently, two Weyl spinors in the (anti) fundamental representations, ψF , ψ˜F . In
this case, one has interactions of the form of (2.13) –which imply processes with 12
final states qq → 7q + 3l + ψF ψ˜F .
• Scenario A: SM supplemented with a Weyl spinor in the adjoint of SU(2), ψA. In this
case, the allowed interactions are of the form in (2.14) –giving a 14 final state process
qq → 7q + 3l + 4ψA – and of the form of (2.15), which gives processes with 12 final
states, qq → 7q + 3l + 2ψA.
• SUSY scenarios. In these models, we have processes with 16, 14 and 12 final fermionic
states, of the form qq → 7q + 3l + 2ΨH + 4λ, qq → 7q + 3l + 4λ, qq → 7q + 3l + 2ΨH .
Given the vast number of parameters in SUSY models, we concentrate here on two
simplified scenarios:
– Scenario S, inspired by Split-SUSY, in which all SUSY particles except for Hig-
gsinos and gauginos are decoupled.
16If the matching of θ were to be ignored, one would obtain that the gauge coupling in the low energy theory
involves the phases of the heavy masses, which would violate the selection rule (2.11).
17 In this notation and what follows, we do not distinguish fermions and anti-fermions.
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– Scenario MSSM , a simplified degenerate SUSY setting in which all BSM particles
are assumed to be approximately degenerate.
As was discussed in the introduction, the B + L-violating cross section in the SM is known
to have the form of equation (1.3), involving a polynomial part fixed by a function f(sˆ), and
an exponential part featuring the holy grail function F (sˆ). Fermionic interactions only affect
the polynomial part, and thus by studying ratios of rates for processes that only involve the
fermions listed above, we may estimate how f(sˆ) is affected by the presence of BSM fermions.
Regarding the effect of gauge boson emission, which is encoded by the holy grail function, we
remind the reader that, as mentioned in the introduction, leading-order instanton results are
known to only capture the first energy-dependent term of the expansion of F [s] in (
√
sˆ/E0)
(see (1.4)), which does not converge for energies above the sphaleron barrier. However, we
will still compute the leading order instanton corrections for gauge-boson emission, in order
to see how they are affected by the nonzero masses of the heavy fermions.
We are interested in ratios of cross-sections, which in a collider setting will translate into
ratios of event rates. To fix the notation, we will denote event rates producing nF fermions,
nW gauge bosons, and nh Higgses from a qq initial state by Γ
nF ,nW ,nH
SM/F/A/S/MSSM , the suffix
depending on whether the rate is calculated in the SM or one of its extensions. We will
consider three types of ratios:
• Ratios of SM-like rates with no boson emission:
Γ10,0,0BSM
Γ10,0,0SM
, (4.61)
with “BSM” denoting the models F ,A,S, or MSSM . We will confirm that the ratio
quickly tends to one when the exotic fermions become heavy, as a consequence of
decoupling.
• Ratios of BSM rates with BSM fermions over SM-like BSM rates:
Γ
10+δ1(+δ2),0,0
BSM
Γ10,0,0BSM
, (4.62)
where δ1 counts the number of BSM fermions in the fundamental of SU(2), and δ2
counts BSM fermions in the adjoint, if applicable. These ratios allow us to determine
whether B+L violating rates will be dominated by processes involving exotic fermions,
or by SM-like processes. Also, since Γ10,0,0BSM → Γ10,0,0SM , the ratio will determine whether
one can have faster B + L violating rates in theories beyond the Standard Model.
• Ratios of BSM rates with and without boson emission:
Γ
10+δ1(+δ2),nW ,nh
BSM
Γ
10+δ1(+δ2),0,0
BSM
. (4.63)
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This allows us to infer whether the dominant B + L violating processes are expected
to involve the emission of gauge bosons, or not. This effect was studied in the SM
in [23,24].
• Ratio of BSM rates with boson emission and SM-like vertex with boson emission:
Γ
10+δ1(+δ2),nW ,nh
BSM
Γ10,nW ,nhBSM
. (4.64)
When computing the cross-sections, averaging over spins and polarizations, one ends
up with lengthy traces over the gamma matrices. However, since our effective Lagrangian
ignored details on the possible operators acting on the spinors, we will just estimate the
traces as yielding a product of the energies of the spinors, as was done in [23] (see also [74]).
This can be justified from dimensional reasons, as the modulus of the amplitude squared
involves the product of two on-shell spinors per initial of final state, with each spinor having
mass-dimension 1/2.18 Regarding the polarization sums over gauge bosons, the modulus of
the amplitude square involves contractions of the form
∑
pol ηaµνηaρσµkν
∗
ρk
∗
σ. Note that in
Euclidean space, the 4-momenta and polarization vectors are complex; with the Euclidean
conventions in appendix A, this yields∑
pol
ηaµνηaρσµkν
∗
ρk
∗
σ ≡ m2W fW (k) = 4E2W −m2W . (4.65)
We note that from the point of view of our effective Lagrangian in (3.60) applied to SU(2),
the SM fermions are massless, as the mass parameters Mkl are meant to couple Weyl fermions
charged under the gauge group. However, the SM doublets only get masses by coupling to
SU(2) singlets. In our chosen scenarios the only relevant mass parameters are then those of
the heavy BSM fermions.
For the first two scenarios, involving a Dirac fermion in the fundamental, or an Weyl spinor
in the adjoint, there is a single mass parameter which plays a role in the mass insertions in
(3.60), but also in the evolution of the gauge coupling g2(ρ). In the MSSM, there are more
dimensionful parameters involved, corresponding to the µ and M2 masses of the fundamental
and adjoint spinors, as well as other thresholds that may affect the evolution of the running
gauge coupling. In view of this, we will consider two simplifying scenarios. First, a degenerate
MSSM scenario in which all SUSY mass parameters aside from the mass defining the lightest
Higgs are of the same order M , which we will take as real. Here we have to implement
the decoupling of the heavy scalars and fermions that are not charged under SU(2), since
our decoupling discussion in 3.3 only applied to fermions with weak interactions. Since the
additional fields only enter the effective Lagrangian through their virtual effects in the running
coupling g(ρ), it suffices to consider the running generated by fields with masses M such that
18This is clear from the completeness relations of Dirac spinors,
∑
s u
s(p)us(p) = /p+m.
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ρM < 1. A second supersymmetric scenario to consider is a Split SUSY-like scenario, in
which all BSM fields except those charged under SU(2) (i.e., except Higgsinos and weak
gauginos) are assumed to be decoupled. In this case decoupling is accounted for as in 3.3.
Taking into account the above, the ratios of cross sections/rates can be captured for all
scenarios with the following set of formulae:
Γ10+δ1+δ2,nW ,nhBSM/SM
Γ
10+δ′1+δ
′
2,n
′
W ,n
′
h
BSM/SM
=
N [10 + δ1 + δ2, nW , nh]PS[10 + δ1 + δ2, nW , nh]
N [10 + δ′1 + δ′2, n′W , n′h]PS[10 + δ′1 + δ′2, n′W , n′h]
,
N [10 + δ1 + δ2, nW , nh] = 2nh+2nW+12pi4(nh+nW )+24v2(nh+nW )×
×
[∫
dρ
ρ5
CSM(ρ)ρ
18+2(nh+nW )(ρM)∆(1+3b[ρ])+N(1/3+b[ρ])−δ/2 (FFM )δ1/2(FAM )δ2/2
]2
,
CSM(ρ) =
(
8pi2
g22,SM (ρ)
)4
exp
[
− 8pi
2
g22,SM (ρ)
− pi2v2ρ2
]
,
b[ρ] =
{
0, ρM < 1,
−1/3, ρM & 1,
PS[10 + δ, nW , nh] =
∫ 10+δ∏
f
d3pf
2(2pi)3
( nh∏
h
d3ph
2(2pi)3Eh
)(
nW∏
W
d3pW
2(2pi)3EW
fW (pW )
)
.
(4.66)
In the above equations, δ ≡ δ1 + δ2, fW (p) is defined in equation (4.65), and g2,SM (ρ) is
the SU(2) running coupling in the SM, with a one-loop beta function coefficient given by
b2,SM = 19/6. The form factors FFM and FAM are given in equations (3.42) and (3.43),
respectively. We expressed the instanton density CI(ρ) in terms of the SM gauge coupling,
choosing the parameterisation
b2 = b2,SM + ∆− 2
3
N, (4.67)
with
N =
∑
heavy ra
Ta. (4.68)
When the heavy fermions are the only BSM particles, then ∆ = 0, since the change of b2 is
just given by −2/3N , as in equation (3.52) (see also (3.37)). In the degenerate MSSM case,
however, the additional scalar particles also modify the beta function, and ∆ accounts for
this effect. We have in summary that for our four scenarios,
NF = 1, NA = 2, NS = 3, NMSSM = 3,
∆F = 0, ∆A = 0, ∆S = 0, ∆MSSM = −13
6
.
(4.69)
Note that, under the assumption of a unique mass threshold, our estimates for the rates in
the MSSM only depend on the number of BSM particles, no matter whether they are in the
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adjoint or the fundamental. Also, as δ appears with a positive coefficient in the exponents
of the prefactor of N [10 + δ, nW , nh], we can expect enhancements of the rate for growing
δ, if the power-like enhancement is not compensated by either the phase space suppression
inherent to the additional final states, or possible suppressions in the ρ integral. Due to
the 1/ρ5 factor, the ρ integral is dominated by the small ρ contributions, and for growing
δ the powers of ρδ suppress the integrand in this region; the effect is however subleading
with respect to the power-like enhancement of the prefactors. Similarly, as already known
from the work in references [23, 24], the constant prefactors in N [10 + δ, nW , nh] also grow
as powers of nW , nh, with the added feature that anomalies impose no restriction on nW , nh,
in contrast to the fermion case. The enhancement from bosonic emission will be dominated
by nW , not only due to the power of 4
nW –as opposed to 2nh for Higgs emission, but also
because the dimensionless factor fW accompanying the phase space integral of gauge bosons
in (4.66) can be large when they are created with a sizable boost. The rates will grow with
nW until the phase-space suppression finally thwarts the enhancement. The dominance of
the corrections from gauge boson emission over those arising from Higgs bosons is known
from the SM case: while both corrections exponentiate, giving rise to the holy-grail function
contribution to the cross-section f(sˆ) in equations (1.3) and (1.4), Higgs bosons contribute to
the Holy Grail function at second order and beyond in the expansion of equation (1.4) [29], and
with a contribution that remains subleading with respect to that of gauge bosons [26,28,30].
Regarding the effect of the heavy fermions in gauge boson emission, we expect that in the
presence of BSM fermions, the maximum rate will happen for lower values of nW , since the
additional fermions decrease the energy available for producing bosons.
In order to estimate the phase space integrals19 PS[10 + δ, nW , nh], we use RAMBO [76],
which populates events with a probability that follows the measure
∏
i d
3pi/(2pi)
3/(2E(pi)).
The integrals are then evaluated by reweighting each event with the additional factors in
PS[10 + δ, nW , nh], that is a factor of Ef for each fermion, and a factor of fW (pW ) for
each gauge boson. (For other tools specifically designed for instanton-induced processes, see
HERBVI [77] –for SU(2) instantons and B+L violating processes– and QCDINS [78]), which
accounts for QCD-instanton effects in deep inelastic scattering). The results of our numerical
calculations are described in the following subsections.
4.1 Fermionic final states
Scenario F: The results can be found in Fig. 1. The upper left plot shows the ratio
of SM-like processes, Γ10,0,0F /Γ
10,0,0
SM . In accordance with decoupling, the rates converge for
large enough M , being essentially indistinguishable for masses M & 400 GeV. For lower
masses, the ratio falls below one because the ρN(1/3+b[ρ]) factor in the integrand stays less
19 Note that PS is not exactly the phase space because it contains extra energy dependences coming from
the wave function factors, e.g. fW (pW ).
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Figure 1: SM-like/SM (upper left) and BSM/SM-like rate ratios for two additional heavy
mass fermions in the fundamental representation of SU(2).
than one in the dominant small ρ region, suppressing the rate. The other plots illustrate the
ratio Γ12,0,0F /Γ
10,0,0
F between the rate of the anomalous process involving a pair of the new
fermions, and the rate of the SM-like process, both computed in the BSM theory. We have
chosen partonic centre of mass energies,
√
sˆ, of 10, 18, and 50 TeV. Although in reality the√
sˆ can be spread in fixed energy proton-proton collisions, its distribution may be sharply
peaked at an energy scale where the instanton-type exponential suppression is overcome
(or minimised), which should be (well) above the sphaleron energy, Esph ' 9 TeV. This
is because below such a scale the cross-section is exponentially suppressed and above it is
also suppressed by the sharply falling parton distribution function. The fixed
√
sˆ in our
presentation therefore crudely represents this energy scale.20 Although the rates of the new
processes decay with a growing M –as expected from the reduction of phase space– the results
show that B+L violating processes involving the new fermions can be dominating if the new
particles are light enough, thanks to the power-like enhancement in the prefactor of the rate.
For
√
sˆ = 10 TeV, only slight enhancements are possible, for M . 350 GeV, but increasing
20 Note also that one of our choices, 18 TeV, is originated from E0 ≡
√
6pimW /αW ' 18 TeV.
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the centre-of-mass energy has a dramatic effect, allowing for enhancements by one or two
orders of magnitude for
√
sˆ = 18 TeV, with the BSM processes dominating up to M ∼ 650
GeV, and with enhancements up to 5 orders of magnitude for
√
sˆ = 50 TeV, with Γ12,0,0F
dominating for M . 1 TeV.
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Figure 2: SM-like/SM (upper left) and BSM/SM-like rate ratios for up to four additional
heavy mass fermions in the adjoint representation of SU(2)
Scenario A: The behaviour of the ratios of rates in this case is shown in Fig. 2. The results
are similar to the ones in the theory with a new Dirac fermion in the fundamental. Again,
decoupling is at work, although the Γ10,0,0A /Γ
10,0,0
SM ratio approaches unity for lower values of
M than before, while also dropping down to zero more rapidly in the lower mass range due to
the larger ρN(1/3+b[ρ]) suppression in the ρ integral which follows from a higher N . As pertains
to the ratios Γ14,0,0A /Γ
10,0,0
A and Γ
12,0,0
A /Γ
10,0,0
A , one can have much larger enhancements than
for a Dirac fermion in the fundamental, (due to the power-like enhancement of the prefactors
with δ) although the ratio is more sensitive to M and decays faster as the mass grows. This
effect is more accused for Γ14,0,0A than for Γ
12,0,0
A , due to the larger phase space suppression
with four heavy final states. Enhancements of 1 order of magnitude are already possible at
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Figure 3: SM-like/SM (upper left) and BSM/SM-like rate ratios in the MSSM and Split
SUSY.
√
sˆ = 10 TeV for M < 300 GeV, and can reach > 108 at a centre of mass energy of 50 TeV.
Fermionic final states, SUSY inspired scenarios: The results for SUSY-inspired
scenarios are represented in Fig. 3. Results are similar for the degenerate MSSM and the Split-
SUSY cases, with the largest difference coming from the rates of the SM-like interactions;
both converge to the SM rate as before, for masses above 400 GeV, but the SM rate is
approached from above in the MSSM, as a consequence of the additional degrees of freedom
that modify the running of the g2 coupling. This leads to a nonzero ∆ < 0 parameter (see
equations (4.66) and (4.69)), which enhances the ρ integral for small ρ. Regarding the rates
for interactions involving the exotic fermions, we get again enhancements that grow with
δ and the centre-of-mass-energy, reaching factors of 1012 for interactions with δ = 6 exotic
fermions with masses of 300 GeV at
√
sˆ = 50 TeV. A compilation of values of the enhancement
factors for different scenarios is given in table 1.
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δ M [GeV]
√
sˆ (TeV) Γ10+δ,0,0/Γ10,0,0
2(F ) 300 10 3.43
18 1.53 · 102
50 7.90 · 104
600 10 2.71 · 10−2
18 2.26
50 1.58 · 103
1000 10 5.08 · 10−5
18 1.38 · 10−2
50 1.78
4(A) 300 10 2.62 · 10−1
18 6.46 · 102
50 1.89 · 108
600 10 1.65 · 10−4
18 3.34
50 2.28 · 106
1000 10 6.08 · 10−9
18 4.17 · 10−3
50 1.61 · 104
6(MSSM) 300 10 5.86 · 10−2
18 1.03 · 104
50 1.92 · 1012
600 10 5.23 · 10−8
18 4.27 · 10−1
50 4.27 · 108
1000 10 5.27 · 10−18
18 7.75 · 10−7
50 2.84 · 104
6(S) 300 10 5.86 · 10−2
18 1.03 · 104
50 1.92 · 1012
600 10 5.23 · 10−8
18 4.27 · 10−1
50 4.27 · 108
1000 10 5.27 · 10−18
18 7.75 · 10−7
50 2.84 · 104
Table 1: Enhancement factors for example scenarios.
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4.2 Processes with fermionic and bosonic final states
Lastly, we consider B + L violating processes accompanied by the emission of W and Higgs
bosons in the instanton background, as first analyzed in the SM context in [23, 24]. The
leading instanton result is expected to give rise to an exponential enhancement involving the
first energy-dependent term in (1.4), due to gauge boson emission; the dominant higher-order
corrections require more sophisticated methods [28–30,34–41].
Our earlier expectations are confirmed by our results in Fig. 4. In the (unreliable)
leading-order calculation in the one-instanton background, additional gauge bosons increase
the rate by many orders of magnitude, and when one considers processes with additional
BSM fermions, the maximum enhancement is shifted towards lower values of of nW , the
effect being more pronounced for larger M . As we have commented earlier, these results
are obtained from an instanton perturbative expansion that does not converge for E > E0;
additionally, the expansion is expected to break down when the total number of external lines
exceeds 1/αW , i.e. (12 + δ + nW + nH)αW ≥ 1, because diagrams with propagator correc-
tions in the external lines (implying insertions of α) become comparable to the leading order
diagrams [23]. We have indicated the values of nW in which the above inequality is safisfied
by using dashed lines. If we include Higgs bosons in our vertex, we still get an enhancement
–unless the energies are low– yet much weaker, as seen in Fig. 5 where we consider the same
scenarios as in the W boson case.
Although these estimates are very far from capturing the real effect of gauge boson emis-
sion, they may serve as a testing ground to understand how the holy grail function is affected
by the presence of heavy fermions. It turns out that the effect can be understood in a very
simple way: the enhancement from gauge boson emission in the leading-order instanton re-
sult is given approximately by the exp(
√
sˆ/E0)
4/3 contribution in the expansion (1.4) of the
holy grail function, after substituting
√
sˆ with the maximum energy available for gauge boson
emission,
√
sˆ→
√
sˆ− δ ·M . (4.70)
To justify this quantitatively, we have calculated the enhancement of the cross section due
to boson emission for different masses and centre-of-mass energies, and computed the ratios
RBSM [M, δ1, δ2] =
∑
nW
Γ10+δ1+δ2,nW ,0BSM∑
n′W
Γ
10,n′W ,0
SM
. (4.71)
Values of RBSM different than one can be interpreted as a change in the holy-grail function.
We expect the leading-order, one-instanton enhancement to be captured by the second term
in the expansion of the holy grail function in (1.4), which in turn is expected to be modified
in the presence of massive fermions by shifting the energy as in (4.70). We may then define
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Figure 4: nW distributions for several qq collision energies
√
sˆ and new fermion masses M
a parameter κ characterizing the deviation of RBSM from one as follows:
RBSM [M, δ1, δ2] ≡
exp
[
4pi
αW
9
8
(√
sˆ−κ(δ1+δ2)M
E0
)4/3]
exp
[
4pi
αW
9
8
(√
sˆ
E0
)4/3] . (4.72)
For κ = 0, one recovers the SM result, while κ = 1 is compatible with the interpretation that
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the modified holy-grail function is simply obtained from the SM one after shifting the energy
as in (4.70). We list results for κ in table 2, which shows that in our numerical estimates κ
is compatible with one within a 6% accuracy at energies above twice the sphaleron barrier.
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Model (δ1, δ2) M (GeV)
√
sˆ (TeV) κ
F (2, 0) 400 10 1.3009
18 1.0646
20 1.0271
1000 10 1.2651
18 1.0196
20 0.9824
A (0, 4) 400 10 1.3622
18 1.1000
20 1.0602
1000 10 1.2598
18 0.9811
20 0.9427
MSSM (2, 4) 400 10 1.3814
18 1.1011
20 1.0596
1000 10 1.4264
18 1.0251
20 0.9810
S (2, 4) 400 10 1.3814
18 1.1011
20 1.0596
1000 10 1.4264
18 1.0251
20 0.9810
Table 2: Values of κ, characterizing the deviation of the enhancement due to gauge boson
emission from its SM value. k = 1 is compatible with the following modification of the holy
grail function: F [
√
sˆ]→ F [√sˆ− δ ·M ].
5 Discussion and conclusions
In this paper, we have studied the impact that BSM fermions in nontrivial SU(2)L repre-
sentations can have in the rates of B + L-violating interactions at colliders. These processes
involve numbers of elementary fermions which are restricted by chiral SU(2)L anomalies. As
a consequence of this, new fermions charged under the weak gauge group allow for novel
B + L-violating fermionic interactions in addition to the 12 fermion vertex in the SM.
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In addition to fermion production, B + L violating-rates can be accompanied by the
production of as many bosons as the centre-of-mass energy allows. The ensuing cross-sections
can be parametrised as in equation (1.3) by a function f(sˆ) that depends polynomically in
the energy, and an exponential contribution involving the holy grail function F (sˆ). Fermion
production only affects f(sˆ), while F (sˆ) incorporates the effects of massive gauge bosons.
We have used leading-order instanton perturbation theory in the one-instanton background,
modified to account for decoupling effects of heavy BSM fermions, to compute the effect on the
latter on f(sˆ) and F (sˆ) in different BSM scenarios: a new Dirac fermion in the fundamental
of SU(2)L, a Weyl fermion in the adjoint, and SUSY-inspired scenarios including Higgsinos
and an electroweakino.
The effect of BSM fermions in the polynomial function f(sˆ) can be substantial, leading
to an enhancement with respect to the SM value (given in equation (1.5) [29]) which, for a
fixed BSM fermion mass M , grows with the number of BSM fermion fields and the centre-
of-mass energy. The enhancement diminishes for growing M , but can still reach very large
values for masses compatible with collider limits. In SUSY-like scenarios, which allow for
B + L-violating interactions involving six BSM fermions, the enhancement can reach 1012
for M = 300 GeV at a centre-of-mass energy of 50 TeV. Enhancement factors for different
scenarios are given in table 1; the reader is also referred to figures 1, 2 and 3.
Regarding the holy-grail function F (sˆ), it is known that leading-order instanton calcu-
lations can only capture its first energy-dependent contribution in an expansion in powers
of the energy over the sphaleron barrier. As such, the results for the rates of gauge boson
production using instanton perturbation theory cannot be relied upon for collider predic-
tions. Nevertheless, they might be used to infer how the full holy grail function changes in
the presence of heavy fermions. Our calculations show that for energies sufficiently above
the sphaleron barrier, the one-instanton results in the presence of BSM fermions can be un-
derstood from the (
√
sˆ/E0)
4/3 term in (1.4) by substituting
√
sˆ with the maximum energy
available for gauge boson production, that is
√
sˆ − δM , where δ is the number of BSM
fermions involved in a given B + L-violating interaction.
We conjecture that this substitution might apply for the full holy-grail function. In this
manner, starting from the SM value of f(sˆ) in equation (1.5), the B+L-violating rate for an
interaction involving δ BSM fermions will be of the form
σ2→anyB+L =
E(s, δ,M)
m2W
(
2pi
αW
)7/2
e
− 4pi
αW
F [(
√
sˆ−δM)/E0] , (5.73)
where E(s, δ,M) is the enhancement factor calculated in figures 1, 2 and 3, and tabulated in
table 1. One may then proceed as in [42] and use the lower bounds for F (sˆ) derived in [40,41]
to estimate upper bounds for cross-sections at colliders. Taking for example a Split SUSY-like
scenario at
√
sˆ = 50 TeV with BSM fermions masses of 400 GeV –leading to an enhancement
factor of 3.8 × 1010, as seen in figure 3– the lower bound of 4piF (50 − 6 × 0.4 TeV) & 1.21
41
in [40, 41] implies a maximum cross-section of the order of 50 µbarn. Taking M = 1 TeV in
the same scenarios gives in turn an enhancement factor of 104.45, 4piF (44 TeV) & 1.28, and
an upper bound on the cross section of around 6pb. These are to be compared with an SM
cross section at
√
sˆ = 50 TeV bounded by ∼ 5 fb. For more estimates, see figure 6.
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Figure 6: Upper bounds on the cross sections in different models.
Our results indicate that, if B + L-violating interactions are ever detected at a collider,
they could predominantly involve exotic particles and thus be tied to new physics. This does
not necessarily imply that such nonperturbative interactions could be a discovery channel
for new particles, though this intriguing possibility is still open due to the large backgrounds
of traditional collider searches –reviewed below– and the fact that, as advocated in [47], the
overall normalization of the rate for B + L violating interactions may be significantly larger
than the results obtained with instanton methods. Note that our results concerning the
enhancement of the rate in the presence of fermions is independent of the overall normalization
of the rate, as our estimates were based on ratios of cross sections. The role of B+L violating
interactions as a discovery channel deserves further study, but regardless of the outcome, the
nonperturbative processes analyzed in this paper are interesting on their own, as they are
direct probes of nonperturbative effects with connections to physics in the early universe that
might be connected to baryogenesis.
Finally, we may comment on the current experimental limits on vector-like fermions
charged under SU(2). The limit from LEP is as weak as ∼ 100 GeV (see [79] for recent
discussion) for both doublet and triplet fermions. The LHC limit strongly depends on the
decay modes and mass splitting between charged and neutral components of the SU(2) mul-
tiplet, ∆m±0. In the minimal case where these multiplets do not mix with other multiplets,
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the mass splitting is generated radiatively, which is typically ∆m±0 ' 350 [80] and 165 [81]
MeV for doublet and triplet fermions, respectively. For such a small mass splitting, the decay
products of the charged state become very soft and easily lost in the background. The missing
transverse energy also becomes small because the two neutral states are produced in a back-
to-back configuration in the transverse plane and their missing momenta are cancelled. For
doublet fermions, the projected sensitivity has been estimated [82] using a mono-jet channel
and turns out to be ∼ (80− 185) GeV for (5− 2) σ at the high-luminosity 14 TeV LHC with
3 fb−1. This sensitivity is improved at a 100 TeV pp collider with 3 fb−1 to ∼ (285 − 870)
GeV for (5−2) σ. For triplet fermions, the mass splitting is small enough so that the charged
state can become long-lived in terms of the collider scale. These charged states can travel and
decay inside the tracker system, leaving a distinctive disappearing charged track signature.
Using the disappearing track channel, the current LHC data sets the limit on the mass of
triplet fermions, M & 460 GeV [83, 84]. For a 100 TeV collider with 3 fb−1, the projected
sensitivity is estimated to be ∼ (2.2 − 2.9) TeV for (5 − 2) σ [82]. In summary, the current
limit on the SU(2) fermions is not very strong: & 100 and 460 GeV for doublet and triplet
fermions. This justifies the fermion mass rage used in our numerical calculation.
As has been emphasized before, the overall normalization of the sphaleron production
rate at colliders is still under debate. If the resonant enhancement advocated in ref. [47] is
correct, then B + L violating interactions could have an observable rate even at the LHC. If
this is the case, it is possible that these sphaleron processes could be observable immediately
after the 100 TeV collider is turned on [50]. Given the weak mass limits expected at the
LHC, this leaves open the possibility that sphaleron interactions may be observed before the
discovery of exotic fermions through perturbative production processes. The main result of
this paper, enhancement of the sphaleron rate due to new SU(2) fermions, even encourages
this very optimistic scenario.
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Appendix
A Euclidean conventions and identities. Group integration
The Euclidean coordinates are xµ = (x1, x2, x3, x4) = (x, y, z, it). We define the Euclidean
antisymmetric tensor with the convention 1234 = 1. The Euclidean gauge fields Aµ are
related to their Minkowski counterparts AMµ as:
Ai = A
M
i , i = 1, . . . , 3, A4 = −iAM0 . (A.74)
A particle of mass m with Minkowski momentum kMµ = (E, kx, ky, kz) has a corresponding
Euclidean momentum kµ = (kx, ky, kz,−iE). For spatial momentum aligned with the z axis,
the Euclidean polarization vectors of gauge bosons are:
kµ = (0, 0, kz,−iE)⇒ T1µ = (1, 0, 0, 0), T2µ = (0, 1, 0, 0), Lµ =
(
0, 0,
EW
mW
,−i kz
mW
)
.
(A.75)
The ’t Hoof symbols ηaµν of equation (3.20) –and the analogous ηaµν symbols that satisfy
(3.20) but with the opposite sign in the δs– have the following properties:
ηaµνηaρσ = δµρδνσ − δµσδνρ + µνρσ,
abcηbµνηcρσ = δµρηaνσ − δµσηaνρ − δνρηaµσ + δνσηaµρ,
ηaµνηaρσ = δµρδνσ − δµσδνρ − µνρσ,
ηaµνηbµν = 0.
(A.76)
Using the first identity above, together with (A.75), one obtains (4.65).
We define fermion fields and their partition functions through analytic continuation from
Minkowski space [67,68], thus avoiding the problem of the non-existence of Majorana fermions
compatible with the Euclidean SO(4) symmetry [66]. We choose Euclidean gamma matrices,
left and right projectors, as well as the Euclidean Dirac adjoint, as
γµ =
[
0 σµ
σµ 0
]
, σµ = (~σ, i), σµ = (−~σ, i),
γ5 = −
∏
µ
γµ =
[
−I 0
0 I
]
, PL =
1− γ5
2
, PR =
1 + γ5
2
,
Ψkl = − iΨ†klγ4.
(A.77)
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In addition, we introduce the matrices γµν as
γµν =
i
4
[γµ, γν ], (A.78)
which satisfy the following duality properties:
PR γµν =
1
2
µνρσPR γµν ,
PL γµν = − 1
2
µνρσPL γµν .
(A.79)
One has
γµν =
[
σµν 0
0 σµν
]
, (A.80)
with
σµν =
1
2
ηaµνσ
a, σµν =
1
2
ηaµνσ
a,
σµνσρ =
1
2i
δνρ σµ − 1
2i
δµρ σν − 1
2i
µνρδ σδ.
(A.81)
Finally, for the integration over rigid rotations U˜ in a given representation r, we use∫
dU˜U˜r,mnU˜
†
r,pq =
1
dim(r)
δnpδmq, (A.82)
where U˜r,mn denotes the matrix with indices m,n representing a given element U˜ of the group
in the representation r. The normalisation of the above integral is such that∫
dU˜(U˜ U˜ †)mq =
∫
dU˜Imq = δmq. (A.83)
B Fermion zero modes
In this appendix we collect formulae for the fermionic zero modes of Dirac spinors in the
fundamental and adjoint representations. The Fourier transforms of these modes, when
evaluated on on-shell Euclidean momenta with |p| = M (M being a fermion mass), define
the ρ-dependent form-factors that accompany instanton-induced fermion interactions.
B.1 Fundamental representation
A Dirac fermion in the fundamental representation has a single zero mode [20], given in the
singular gauge by
Ψ0im(x) = φ(r) [PR(x/− x/0)]ij U˜mn˜jn, φ(r) =
ρ
pir(r2 + ρ2)3/2
, (B.84)
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where i = 1, . . . , 4 and m = 1, 2 are Dirac and representation indices, respectively, r =
(
∑
i x
2
i )
1/2, U˜ is the rigid group transformation in (3.23) in the fundamental representation,
and the matrix ˜jm is given by
˜ =
[
02×2 02×2
02×2 2×2
]
, (B.85)
where 2×2 is the usual two-by-two antisymmetric matrix with 12 = 1.
In momentum space one has
Ψ0im(p) = −
i
|p| φ(|p|)
′[PR p/]ij U˜mn˜jn, (B.86)
with φ(|p|) the Fourier transform of φ(x) in (B.85),
φ(|p|) =
∫
d4xeipxφ(x) = 2piρ
[
I0
( |p|ρ
2
)
K0
( |p|ρ
2
)
− I1
( |p|ρ
2
)
K1
( |p|ρ
2
)]
. (B.87)
In the above expression, Ii are modified Bessel functions of the first kind, and Ki denote
modified Bessel functions of the second kind. The propagator in the instanton background
can be approximated from the zero mode contribution (see the discussion around (3.38)). A
group-averaged propagator (calculated using the integral in (A.83)), multiplied by a factor
of ρ times the mass –coming from the zero mode contribution to the fermion determinant–
and amputated with ordinary propagators, is given in the on-shell limit by
ρM
∫
dU˜(p/+M)〈Ψ(p)Ψ¯(q)〉(q/+M)|o.s. ∼ ρ
∫
dU˜(p/+M)Ψ0(p)Ψ0†(q)(q/+M)|o.s.
= 2ρ(φ′(M)M)2PL ≡ FFM (ρ)PL. (B.88)
Above, we ignored phases in the mass matrices, and “o.s.” refers to imposing Oq/ = MO,
p/O = MO, whereO designates an arbitrary operator. Such substitution is appropriate for the
computation of matrix elements between physical states. Note how the result is proportional
to the left-handed projector PL, so that the on-shell effective Lagrangian reproducing the
correlators (B.88) involves left-handed fermions, as expected from the chiral anomalies. For
Green functions with more fermion insertions, we expect results looking like products of the
above form factors, although with differences coming from the different group averaging and
on-shell simplifications. For our estimates we will ignore these differences and approximate
the results via products of the above correlators. FFM (ρ) in (B.88) can be then viewed as an
instanton form-factor for a massive fermion in the fundamental, whose behaviour at large and
small ρM is given in (3.44). For a massless fermion, the amputation is done with massless
propagators, and the result is
lim
M→0
ρM
∫
dU˜p/〈Ψ(p)Ψ¯(q)〉q/|on−shell ∼ 2pi2ρ3PL ≡ FF0 (ρ)PL. (B.89)
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B.2 Adjoint representation
In the ntop = 1 instanton background, the Dirac operator has four zero modes, which can
be understood as supersymmetric transformations of the instanton background [64].21 The
properly normalised modes are
Ψ0(i)a (x) =
g
4
√
2pi
γµν u
(i)U˜abF
b
µν(x), i = 1, 2,
Ψ0(i)a (x) =
g
8piρ
γµν x/ v
(i−2)U˜abF bµν(x), i = 3, 4.
(B.90)
In the above equation, (i) labels the zero modes, and a denotes the index of the adjoint
representation; we have omitted Dirac indices. U˜ab is the rigid rotation of equation (3.23)
in the adjoint representation, and u(i), v(i), i = 1, 2 are four constant spinors which can be
chosen as
u(1) = [0, 0, 1, 0]>, u(2) = [0, 0, 1, 0]>, v(1) = [1, 0, 0, 0]>, v(2) = [0, 1, 0, 0]>. (B.91)
The u(i), v(i) satisfy the completeness relation∑
i
u
(i)
k u
(i)†
l = [PR]kl,
∑
i
v
(i)
k v
(i)†
l = [PL]kl. (B.92)
In equation (B.90), F aµν is the field strength in the singular gauge, which reads
F aµν = −
8
g
[
(x− x0)µ(x− x0)σ
(x− x0)2 −
1
4
δµσ
]
ηaνσ
ρ2
[(x− x0)2 + ρ2]2 − (µ↔ ν). (B.93)
The Fourier transforms of the modes (B.90) can be given again in terms of Bessel functions.
Denoting u ≡ |p|ρ, and using the identities in (A.81), one can show that
Ψ0(i)a (p) = −
4
√
2pi
|p|6ρ2
[
u(u(8 + u2)K0(u) + 4(4 + u
2)K1(u))− 16
]
Uab ηbνρ pµpρ γµν u
(i),
i = 1, 2,
Ψ0(i)a (p) =
2ipiρ
|p|2 [uK1(u)− 2K0(u)] U
ab ηbνρ pρ γν v
(i−2), i = 3, 4. (B.94)
Finally, we can again estimate the propagator in the instanton background by summing over
the zero mode contributions in (3.38). Integrating over the rigid rotations using (A.83), the
on-shell, group-averaged propagator multiplied by a factor of the mass and amputated with
ordinary propagators, is given by
ρM
∫
dU˜(p/+M)〈Ψ(p)Ψ¯(q)〉(q/+M)|o.s. ∼ ρ
4∑
i=1
∫
dU˜(p/+M)Ψ0(i)(p)Ψ0(i)†(q)(q/+M)|o.s.
21This is because in supersymmetric theory, an adjoint gauge field and an adjoint Majorana spinor belong
to the same supersymmetric multiplet. Supersymmetric transformations map boson configurations to fermion
configurations, while preserving the equations of motion. Hence a supersymmetric transformation of the
instanton background is a fermion zero mode.
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= 16pi2ρ3[uK1(u)− 2K0(u)]2PL (B.95)
+
128pi2
3M10ρ3
[u(u(8 + u2)K0(u) + 4(4 + u
2)K1(u))− 16]2
(
3M4
4
+ (p · q)(M2 − p · q)
)
PL,
where now u = ρM . The above equations where derived using the identities in (A.76),
(A.79), (A.80), (A.81), and standard properties of the Pauli matrices. Again, the correlators
involve a PL projector, so that the effective on-shell Lagrangian reproducing the correlations
only involves left-handed spinors. Note that when approximating fermionic Green functions
with products of the above correlators, we now have a momentum-dependent form factor,
due to the terms involving (p · q). However, these appear in contributions suppressed by
higher orders in ρM , and since the instanton integral is dominated by the contributions with
small ρ, their effect will be subleading. Also, in the limit in which the fermions are emitted
with small velocity, one has p ∼ q and p · q ∼M2, and the contributions proportional to p · q
vanish. Using this approximation, we define then the adjoint form factor as
FAM (ρ) =16pi2ρ3[uK1(u)− 2K0(u)]2 (B.96)
+
32pi2
M6ρ3
[−16 + u(u(8 + u2)K0(u) + 4(4 + u2)K1(u))]2, u = ρM.
The small and large ρM expansion of the form factor are given in (3.44).
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